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XXXVII. Presidential Address delivered by Prof. OLiver 
Loner, LL.D., D.Se., F.R.S., at the Annual General 
Meeting on February 10th, 1899. 


Part 1.—Preliminary Portion. 


In taking the Chair of this Society for one year, notwith- 
standing that I am a country member and therefore shall not 
be able always to be present, 1 am I daresay traversing the 
views of what is considered best for the Society by a minority 
of members. I have no knowledge that it is so, but it can 
hardly be otherwise. I hesitated myself for some time, but 
ultimately consented to be put in nomination by the Council; 
and I can promise that I shall try to be present as often as 
my duties permit. 

I have been a member of the Society from its earliest 
infancy, for though not technically an “ original member,” 
nor one admitted in the first year, that is a mere accident of 
not having presented myself for admittance by the Chair; 
perhaps I had not paid my subscription, but I used to attend 
all the meetings, and my memory goes back to the pre- 
liminary discussions that preceded the birth of the Society, 
between Prof. Foster, Prof. Adams, Dr. Gladstone, Dr. Atkin- 
son, and Dr. Guthrie, especially Dr. Guthrie, to whom the 
idea of the Society was, I believe, largely due. 

In those days we used to meet at South Kensington on 
Saturday afternoons ; and my experience of recent years is 
altogether too remote and detached to make me aware 
whether the change, from the hospitable laboratory at South 
Kensington to the no doubt equally hospitable but less physi- 
cally inspiring quarters of Burlington House, has been an 
unmixed advantage. If it is an unmixed advantage, the 
Society has been fortunate. 

_ Our death-roll for the past year contains the names of 
two original members whose figures were familiar at the 
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meetings in those early days: Henry Perigal and Latimer 
Clark. It also contains the names of ‘Sir J. N. Douglass, so 
well known in connexion with lighthouse work; of Dr. Obach, 
the skilled electrician and designer of Messrs. Siemens Bros.; 
of the Rev. Bartholomew Price, known not only as a mathe- 
matician but also as a man of public spirit and enterprize in 
the University of Oxford, who had I believe more to do 
with the early financial success of the Clarendon Press than 
is generally known; of Dr. J. H. Myers, and alas of 
Dr. John Hopkinson. 

It is unfitting that this year’s deliverance from the Chair 
of any Society of which John Hopkinson was a member 
should fail to contain some reference to his untimely loss ; 
yet there is nothing for me to say but what you already feel, 
and no words of mine are needed. 1 cannot say that | knew 
him in his youth, but I heard of him. He and [I as self- 
taught students—at least, I was at that time self-taught, and 
he could hardly have found a better teacher than himself— 
once figured together in the so-called honours list of the 
South Kensington May examinations in Hlectricity and Mag- 
netism or else in Sound Light and Heat, or in both. Needless 
to say, his name stood above mine. He passed, for fun, in 
nearly the whole range of South Kensington subjects ; I took 
a good many of them, but had nothing like either his com- 
prehensive range or his educational advantages. And then 
he went and wrested the Senior Wranglership from that ex- 
ceptionally brilliant mathematical genius, J. W. L. Glaisher. 
That was a surprising achievement for a Whitworth Scholar 
and practical Engineer. May I be allowed to congratulate 
Mrs. Hopkinson and her family not only on a peculiarly noble 
donation, ‘but:also on its special application to the welding 
together the names of Cambridge, of Engineering, and of 
Hopkinson. 

It is remarkable, as Mr. Arthur Balfour said in a speech 
the other day (at the opening of the Battersea Institute, I 
think), it is remarkable how in modern times the pursuit of 
science tends in the direction of rapid and immediate 
application. 


ae : 
In Newton’s time pure science was altogether aloof from 
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practice: I do not suppose that the gravitational theory of 
astronomy had any effect on His Majesty’s coins at the 
Mint, nor did the prismatic sifting of white-light lead at that 
time to any chemical applications of spectrum analysis. Even 
as late as Faraday’s day the induction of currents by motion 
and magnetism exercised no appreciable effect on commerce 
and industry. 

Nowadays, Fourier’s theorem is applied by Lord Kelvin to 
work an Atlantic cable ; Hopkinson’s researches on the mag- 
netic circuit (an idea that has revolutionized the practical 
treatment of magnetism) result at once in improvements in 
the dynamo ; and Hertz’s experimental detection of Maxwell’s 
waves seems likely to result before long in a new system of 
wireless telegraphy. 

What is the cause of this keen interest in practical appli- 
cations felt in varying degrees by nearly all modern physi- 
cists, felt most keenly and consistently 1 think, of those I 
know, by your past-President Prof. Ayrton? Is it the 
example and inspiration of Lord Kelvin, or is it that the 
human race generally is beginning to be better educated than 
it used to be, to take more kindly to the result of scientific 
researches, to be more eager to learn about them and, if 
possible, to apply them; partly, no doubt, because it has 
gradually discovered that by judicious treatment it can 
convert them into substantial commodity ? 

Surely, on the whole, with some drawbacks, the result from 
the point of view of science is good. If science were really 
remote from all human use or interest, as some scoffers still 
endeavour to maintain it to be, would there not be a fear 
lest gradually the human race should get tired of it, should 
cease to encourage even by approval or applause those whose 
instinct or mission it might be to develop it? So that 
gradually a blight might settle down, and advanced scientific 
knowledge become as extinct as a dead language or a fossil 
genus. A few scholars here and there would take an interest 
in it, as they did in the Middle Ages, and it might perhaps 
for a time be instilled into youth at the point of a cane, as 
the dead languages not so long ago used to be ; but unless a 
branch of learning enters in some way into the life and well- 
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being of a community, unless it has some real interest—a 
literary interest it may be, a commercial interest perhaps, a 
living human interest of some kind—there is fear that 
however artificially bolstered up it may be for a time, by 
those whose stock in trade it is and who know little else, it 
will ultimately be suffered to go by the board and become 
to all practical intents and purposes dead, buried, and 
extinct. | 

I said just now that I supposed the public as a whole were 
gradually getting better educated, but how miserably slow is 
the process and how lamentable the present result. I have 
no feud with orthodox secondary schoolmasters, indeed some 
of them are my very good friends, but is it not painful to be 
unable to speak to the average so-called educated Englishman 
(except a few here and there of course) on any scientific 
discovery without at once being met by a hopeless wall of 
ignorance. 

Is it so in other countries’ I hardly think so; 1 do not 
think it is so marked even among Scotchmen, at any rate 
not among Scotchmen who have had their Natural Philosophy 
year at the University. A year for training in the whole of 
science—it is not mucb. If scientific men were ignorant of 
letters in the same proportion they would hardly be able to 
read, except in words of one syllable, nor write, except with 
the laborious contortions of the village urchin ; a year ex- 
tended on the subjects of all the Arts would not carry one 
very far. And as to sums, how many men there are whose 
mathematical equipment is limited to the practice of com- 
pound addition and subtraction, and who shy if they see an 
algebraic symbol, even in a newspaper,—indeed, when they 
occur in newspapers they are often of a kind that deserve to 
be shyed at. 

They learn languages, some people seem to enjoy learning 
foreign languages—though the multiplicity of them is an 
artificial arrangement which an international convention 
might alter if it chose,—but the exact and beautiful language 
in which a great part of science is and must be written is to 
the majority of men unknown, Are teachers wholly free 
from blame in respect of the dislike which many boys feel 
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for the most elementary mathematics, for problems which may 
be made exhilarating when properly presented? I believe 
they are not. If the teacher dislikes mathematics, the boys 
will hate it, and if they hate it when young they will love it 
but little better when they grow up and proceed to be 
teachers themselves. There is a law of geometrical pro- 
gression or compound interest here, and it seems to have 
been at work for some time. I must not however be under- 
stood here to be speaking of really cultivated intelligences or 
authorities inany subject. A thorough training in any branch 
of knowledge may so stimulate and enlarge the faculties as to fit 
them for intelligent appreciation and criticism of many other 
branches. Some men of letters I know whose minds are 
copiously and essentially scientific, they have not the detailed 
knowledge of the professed worker in science—that would 
be impossible and unnecessary—but they appreciate and 
assimilate all the main doctrines of science, and their broad 
criticisms and suggestions are often of value to the special 
worker. Any educational strictures on which I have 
ventured have reference not to scholars but to average 
people; at the same time I believe many scholars feel 
their deficiency in mathematics, and I believe it to be the 
result of bad teaching. 

This is not my address, it is a preliminary excursus, my 
address has reference to a physical problem which has 
interested me, and about which | thought it might be inter- 
esting if I said something. It is customary to review some 
topic in an address, not to adduce anything specially new, 
but to treat of or attempt to clarify something already known. 
Usually it is some experimental fact which is thus treated, 
sometimes it is a point of theory; it is the latter to which I 
wish to ask your attention. 

As to experiments, if I quickly review some of those that 
strike me in the past year —there is further progress to be 
reported concerning the developments of Prof. Zeeman’s 
great discovery, the most important being (1) the new mani- 
festations of it, or of a closely allied phenomenon, discovered 
by Professor Righi, to which Prof. S. P. Thompson called 
the attention of Section A at Bristol last September; and 
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(2) some extension of the resolution of complex lines, dis- 
criminating between the effect as exhibited by different lines, 
a discrimination which seems likely to lead to an extension 
of the powers of spectrum analysis by the application of 
a magnetic field to the source of light, as studied with 
apparatus of splendid dispersive power by Prof. Preston, 
and with his own ingenious method by Prof. Michelson. 
There is a notable continuation of the remarkably powerful 
and beautiful researches into atomic properties carried on at 
Cambridge by Prof. J. J. Thomson ; about which a great 
deal more might be said. And then there is the pre- 
diction made in the columns of ‘Nature’ by Prof. G. F. 
FitzGerald, but not yet verified, that circularly polarized 
light sent through an absorbing medium would constitute 
a magnet. 

Many have been the attempts, from Faraday downwards, 
to excite magnetization by means of light, to detect a real and 
not an imaginary “ magnetization of a ray of light,” but all 
the experimenters hitherto have failed to realise the necessity 
of an absorbent medium. The effect is bound to be small, 
and of course it may not be there after all, but I understand 
it is being looked for, and it has at any rate been on rational 
grounds predicted. 

Dr. Barton has continued experiments on the damping. of 
waves on wires, and has not yet reconciled a discrepancy 
between theory and experiment ; being able, as I understand 
him, to account for only 54 per cent. of the outstanding dis- 
crepancy. I have not myself looked into the matter, but I 
understand that a note has been communicated by Mr. Heavi- 
side. I hope it will be published in full. 

The subject of Terrestrial Magnetism, in the hands of 
Prof. Schuster on the theoretical side and of Prof. Riicker 
on the practical side, has recently entered on an enlarged 
existence and seems to be taking up a position almost of an 
independent science, so that when the multifurcation or 
explosion of Section A occurs, as sooner or later I fear it 
must, the fragment entitled Meteorology and Terrestrial 
Magnetism will perhaps not be one of the smallest. 
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The publication called ‘Science Abstracts’ has continued 
to be welcomed by workers all over the country , and the 
abstracts sent by Mr. Fournier d’Albe to the ‘ Electrician’ 
are also useful and admirably done. Ihave no knowledge 
myself of the mode of control of the publication of our 
‘Science Abstracts,’ but I confess to a personal preference for 
the older form, the one with a less startling cover, and with 
a list of authors’ names, instead of unnecessary advertise- 
ments of well-known firms, on its back page. Undoubtedly 
the inauguration of these ‘ Abstracts’ supplies a long-felt 
want, and even if one does not always find time to read them 
it is a comfort to feel that there they are, to be read in some 
less pressing season; and one need not envy the German 
worker his ‘ Beibliitter’ as one used to. 

But there is one most important event that has occurred 
during the year, perhaps to us conjointly as physicists the most 
important of all, an event of which the science of Physics will 
feel the effects—I trust the wholly favourable effects—for 
centuries to come: I mean the decision of the Government 
to begin on a small scale the inauguration of a National 
Physical Laboratory. If its effects are ever in any respects 
unfavourable to true science, a heavy indictment will lie 
against its future governing body, and against its Super- 
intendent or Physicist Royal. 

I wish to congratulate Sir Douglas Galton, as well as to 
some extent myself, on the result, the speedy result, of our 
urging of the subject, within the present decade, on the 
British Association ; and as a Physical Society I think we 
owe a debt of gratitude to the Committee appointed by the 
Treasury to examine into the question, whose members gave 
themselves an immense amount of trouble, travelling to 
Berlin and elsewhere to make themselves acquainted with 
foreign ideals, and altogether going into the subject with 
extreme thoroughness, scientific judgment, and public spirit. 
The chairman of the committee was Lord Rayleigh, but 
during his absence in India the acting chairman was con- 
stantly Professor Riicker; Mr. Chalmers represented the 
Treasury with urbane frugality ; and to Prof. Riicker and 
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Mr. Chalmers, as well as to the other members of the com- 
mittee, I am sure you will agree with me our thanks are 
justly due. 

The record of their labours and of the voluminous evidence 
which they obtained, to which evidence indeed several of us 
here contributed, is embodied in a ‘ blue-book’ of more than 
usual interest and instruction. I commend the perusal of it 
not only to professed physicists, but to all scientific teachers 
and their advanced students, that they may learn what accuracy 
is, and what it is practically wanted for. 

It is not for me as your President to touch at any length 
upon outside or political topics, but briefly I venture to think 
that the year 1898 has been a year of no ordinary good 
fortune, at least to the Anglo-Saxon race. A year, and a 
Government, which has witnessed and assisted not only the 
beginning of a National Physical Laboratory, but such great 
outside events as the Imperial expansion and cooperation of 
America, (for America, and not the United States, it will 
now have to be called), the liberation of Crete, and the re- 
storation of the civilization of Upper Egypt, is a year upon 
which we can look back with satisfaction, and is a Govern- 
ment which, irrespective of party, we may legitimately 
congratulate, and even, though that I admit is unusual, 
thank. 

Would that we could add to its laurels the commencement 
on wise lines of a real and comprehensive, dignitied and pro- 
gressive, genuine University of London, 
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Part II.—On Opacity. 


My attention has recently been called to the subject. of 
the transmission of electromagnetic waves by conducting 
dielectrics—in other words, to the opacity of imperfectly 
conducting material to light. The question arose when an 
attempt was being made to signal inductively through a 
stratum of earth or sea, how far the intervening layers of 
moderately conducting material were able to act as a screen; 
the question also arises in the transmission of Hertz waves 
through partial conductors, and again in the transparency of 
gold-leaf and other homogeneous substances to light. 

The earliest treatment of such subjects is due of course to 
Clerk Maxwell thirty-four years ago, when, with unexampled 
genius, he laid down the fundamental laws for the propagation 
of electric waves in simple dielectrics, in crystalline media, and 
in conducting media. He also realised there was some strong 
analogy between the transmission of such waves through space 
and the transmission of pulses of current along a telegraph- 
wire. But naturally at that early date not every detail of the 
investigation was equally satisfactory and complete. 

Since that time, and using Maxwell as a basis, several 
mathematicians have developed the theory further, and no 
one with more comprehensive thoroughness than Mr. Oliver 
Heaviside, who has gone into these matters with extra- 
ordinarily clear and far vision. I may take the oppor- 
tunity of calling or recalling to the notice of the Society, 
as well as of myself, some of the simpler developments 
of Mr. Heaviside’s theory and manner of unifying phe- 
nomena and processes at first sight apparently different; 
but first I will deal with the better-known aspects of the 
subject. 

Maxwell deals with the relation between conductivity and 
opacity in his Art. 798 and on practically to the end of that 
famous chapter xx. (‘ Hlectromagnetic Theory of Light’). He 
discriminates, though not very explicitly or obtrusively, 
between the two extreme cases, (1) when inductive capacity 
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or electric inductivity is the dominant feature of the medium— 
when, for instance, it is a slightly conducting dielectric, and 
(2) the other extreme case, when conductivity is the pre- 
dominant feature. 

The equation for the second case, that of predominant con- 
ductivity, is 

aE _ 4p dF 

Pos ee oot Geely) 
F being practically any vector representing the amplitude of 
the disturbance ; for since we need not trouble ourselves with 
geometrical considerations such as the oblique incidence of 
waves on a boundary &c., we are at liberty to write the Vy 
merely as d/dx, taking the beam parallel and the incidence 
normal. 

No examples are given by Maxwell of the solution of this 
equation, because it is obviously analogous to the ordinary 
heat diffusion fully treated by Fourier. 

Suffice it for us to say that, taking F at the origin as 
represented by a simple harmonic disturbance F)»=é?*, the 
solution of equation (1) 


aE _ Arpip 


ag en Cran, POL) 
is F=PF; e7 lt = Ga tee 
where Q= ai (2) = A ee (144); 
o o a‘ 
wherefore 
eee eee — (27HP\ 
= cos (pt— (HP) i) oe eee) 


an equation which exhibits no true elastic wave propa- 
gation at a definite velocity, but a trailing and distorted 
progress, with every harmonic constituent going at a diffe- 
rent pce, and dying out at a difterent rate ; in other words 
the di@usion so well known in the case of the variable stace er 
heat-conduction through a slab. : 

In such conduction the gain of heat by any element whose 
heat capacity is cpdw is proportional to the difference of the 
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temperature gradient at its fore and aft surfaces, so that 


dé dé 
ep da a =k an 
or, what is the same thing, 
Mook 
dak dt? 


the same as the equation (1) above ; wherefore the constant 
cp/k, the reciprocal of the thermometric conductivity, takes the 
place of 47ru/o, that is, of electric conductivity; otherwise the 
heat solution is the same as (2). The 47 has come in from 
an unfortunate convention, but it is remarkable that the con- 
ductivity term is inverted. The reason of the inversion of 
this constant is that, whereas the substance conveys the heat 
waves, and by its conductivity aids their advance, the ether 
conveys the electric waves, and the substance only screens 
and opposes, reflects, or dissipates them. 

This is the case applied to sea-water and low frequency by 
Mr. Whitehead in a paper which he gave to this Society in 
June 1897, being prompted thereto by the difficulty which 
Mr. Evershed and the Post Office had found in some trials of 
induction signalling at the Goodwin Sands between a coil 
round a ship at the surface and another coil submerged at a 
depth of 10 or 12 fathoms. It was suspected that the con- 
ductivity of the water mopped up a considerable proportion 
of the induced currents, and Mr. Whitehead’s calculation 
tended, or was held to tend, to support that conclusion. 

To the discussion Mr. Heaviside communicated what was 
apparently, as reported, a brief statement ; but I learn that in 
reality it was a carefully written note of three pages, of which 
recently he has been good enough to lend mea copy. In 
that note he calls attention to a theory of the whole subject 
which in 1887 he had worked out and printed in his collected 
‘Blectrical Papers,’ but which has very likely been over- 
looked. It seems to me a pity that a note by Mr. Heaviside 
should have been so abridged in the reported discussion as 
to be practically useless ; and I am permitted to quote it here 
as an appendix (p. 413). 

Meanwhile, taking the diffusion case as applicable to sea- 


water with moderately low acoustic frequency, we see that the 
262 
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induction effect decreases geometrically with the thickness of 
the oceanic layer, and that the logarithmic decrement of the 


2 : 
amplitude of the oscillation is ap (AzHP), where o is the 


specific resistance of sea-water and p/27 is the frequency. 
Mr. Evershed has measured o and found it 2x 10" ¢.4.s., 
that is to say 2 x 10 » square centim. per second ; so putting 
in this value and taking a freqdency of 16 per second, the 
amplitude is reduced to 1/eth of what its value would have 
been at the same distance in a perfect insulator, by a depth 


c = yp (a x 10% ) = ve 10” = 10° centim 
a/ Qapp W \Qarp x 2a x 16 320-18 i 
= 55 metres. 


Four or five times this thickness of intervening sea would 
reduce the result at the 16 frequency to insignificance (each 
55-metre-layer reducing the energy to + of what entered it) ; 
but if the frequency were, say, 400 per second instead of 16 
it would be five times more damped, and the damping thick- 
ness (the depth reducing the amplitude in the ratio e: 1) 
would in that case be only eleven metres. 

It is clear that in a sea 10 fathoms (or say 20 metres) 
deep the failure to inductively operate a “call” responding to 
a frequency of 16 per second was not due to the screening effect 
of sea-water *. 

Maxwell, however, is more interested in the propagation 
of actual light, that is to say, in waves whose frequency is 
about 5x10" per second; and for that he evidently does 
not consider that the simple diffusion theory is suitable. It 
certainly is not applicable to light passing through so feeble 
a conductor as salt water. He attends mainly therefore to 
the other and more interesting case, where electric inductive- 
capacity predominates over the damping effect of condue- 
tivity, and where true waves therefore advance with an 


* I learn that the ship supporting the secondary cable was of metal, 
and that the primary or submerged cable was sheathed in uninsulated 
metal, viz. in iron, which would no doubt be practically short-circuited 
by the sea-water. Opacity of the medium is in that case a superfluous 
explanation of the failure, since a closed secondary existed close to both 
sending and receiving circuit. 
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approximately definite velocity 
_ 1 . 

WK’ 
though it is to be noted that the slight sorting out of waves 
of different frequency, called dispersion, is an approximation 
to the case of pure diffusion where the speed is as the square 
root of the frequency, and is accompanied, moreover, as it 
ought to be, by a certain amount of differential or selective 
absorption. 

To treat the case of waves in a conductor, the same damping 
term as before has to be added to the ordinary wave equation, 
and so we have 


CE 2p VE, 4ap-dk 
Ceguaantaal cerdps tare var 8) 


Taking F)=é?* again, it may be written 
8 eam, , 


2 , = 
Ta =(— HK + HP pe, ree 155 


dx? 
the same form as equation (1') ; so the solution is again 
—y- ipt 
Bae Ot 


with Q? equal to the coefficient of F in (3’). Maxwell, however, 
does not happen to extract the square root of this quantity, 
but, assuming the answer to be of the form (for a simply 
harmonic disturbance) [modifying his letters, vol. ii. § 798] 


e~"* cos (pt—qz), 
he differentiates and equates coefficients, thus getting 
4 
re Eel wysiodet 
as the conditions enabling it to satisfy the differential equa- 


tion. This of course gives for the logarithmic decrement, 
or coefficient of absorption, 


pee SoH BP 

Sino 

pq being precisely the velocity of propagation of the train of 
waves. Though not exactly equal to 1/VuK, the true velo- 
city of wave propagation, except as a first approximation, in 


an absorbing medium, yet practically this velocity p/q or r/T 


? 
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is. independent of the frequency except in strongly absorbent 
substances where there are dispersional complications ; and 
so the damping is, in simple cases, practically independent 
of the frequency too. 

With this simple velocity in mind Maxwell proceeds to 
apply his theory numerically to gold-leaf, calculating its 
theoretical transparency, and finding, as every one knows, 
that it comes out discordant with experiment, being out of 
all comparison * smaller than what experiment gives. 

But then it is somewhat surprising to find gold treated as 
a substance in which conductivity does not predominate over 
specific inductive capacity. 

The differential equation is quite general and applies to 
any substance, and since the solution given is a true solu- 
tion, it too must apply to any substance when properly 
interpreted ; but writing it in the form just given does not 
suggest the full and complete solution. It seems to apply 
only to slightly damped waves, and indeed, Maxwell seems to 
consider it desirable to rewrite the original equation with omis- 
sion of K, for the purpose of dealing with good conductors. 

By a slip, however, he treats gold for the moment as if it 
belonged to the category of poor conductors, and as if ab- 
sorption in a thickness such as gold-leaf could be treated as 
a moderate damping of otherwise progressive waves. 

The slip was naturally due to a consideration of the 
extreme frequency of light vibrations ; but attention to the 
more complete expression for the solution of the same differ- 
ential equation, given in 1887 by Mr. Heaviside and quoted 
in the note to this Society above referred to, puts the matter 
in a proper position. Referring to his ‘ Electrical Papers,’ 
vol. ii. p. 422, he writes down the general value of the 
coefficient of absorption as follows (translating into our 


notation) 
=o { [1+ (Ge) ] 3} 
a ees cama! 
vv 2 i opk } 

without regard to whether the conductivity of the medium is 
large or small; where v is the undamped or true velocity of 
wave propagation in the medium (wK)-3, 

* The fraction representing the calculated transmission by a film half 


a wave thick has two thousand digits in its denomi 
‘ S$ denominator : 
top of p. 370. see below, 
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Of course Maxwell could have got this expression in an instant 
by extracting the square root of the quantity Q, the coefficient 
of F in equation (3’) written above. I do not suppose that 
there is anything of the slightest interest from the mathe- 
matician’s point of view, the interest lies in the physical 
application ; but as this is not a mathematical Society it is 
permissible, and I believe proper, to indicate steps for the 
working out of the general solution of equation (3) by extract- 
ing the square root of the complex quantity Q. 

The equation is 


ried Sh Arp 
Re =F (ukp?——7EP) P=); 


and the solution is 
pe oes rat 
where 


gaa / — ap + tHe =a+i@ say. 
Squaring we get, just as Maxwell did, 
a?—6?=—uKp?, 2aB=+ ee 
Squaring again and adding 
(a? + 8)? = (a — 6B’)? 4408? = aoe 


apr=pKp? { J (1+ ( ee Sa, . (4) 


and 2a?=the same with the last sign negative, 


or a=pr/(h wk) b [1+(Sz) fa], . ewe) 


which is the logarithmic decrement of the oscillation per 
unit of distance, or the reciprocal of the thickness which 
reduces the amplitude in the ratio 1:¢ (or the energy to 4) 
of the value it would have at the same place without 
damping. 
Using these values for a and £, the radiation-vector in 
general, after passing through any thickness w of any medium 


2 


wherefore 
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whose magnetic permeability and other properties are con- 
stant, 18 ’ 
F=F,e-“cos(pt—Br),. . . . - (6) 
the speed of advance of the wave-train being p/B. 
Now not only the numerical value but the form of this 
damping constant a depends on the magnitude of the nume- 


rical quantity apK which may be éalled the critical number*, 
and may also be written 

Amr pyro” 

Ke {oh Oe (7) 
where K, the absolute specific inductive capacity of the 
medium, is replaced by its relative value in terms of Ko for 


vacuum, and by ———=the velocity of light zn vacuo =v. 


oo 
Now for all ordinary frequencies and good conductors this 
critical number is large ; and in that case it will be found that 


wan OK. [Ty [aap 
eZ opk = o 


and that @ is identically the same. This represents the 
simple diffusion case, and leads to equation (2). 

On the other hand, for luminous frequency and bad con-~ 
ductors, the critical quantity is small, and in that case 


a=pv (bu) {1 +(e) 1 . 


Aqr 2ar. 
aah Ba = 
3 Pp / (uw) opk oc”? 
while 
rh ey 
B=p Vek + »? 
giving the solution 
270 2 
F=F,e © * cosp (:- ~), . 18) 


* An instructive mode of writing a and 8 in general is given in (11) 
or (12’) below, where the above critical number is called tan ¢:— 


av cose 0 gin ae, 
Bu cos « = p cos 3e, 
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This expresses the transmission of light through imperfect 
insulators, and is the case specially applied by Maxwell to cal- 
culations of opacity. Its form serves likewise for telegraphic 
signals or Hertz waves transmitted by a highly-conducting 
aerial wire ; the damping, if any, is independent of frequency 
and there is true undistorted wave-propagation at velocity 
v=1/./(LS) ; the constants belonging to unit length of the 
wire. The current (or potential) at any time and place is 


bs Re — 
C=Oe-2te cosp(t—a#V LS). . . . (9) 


The other extreme case, that of diffusion, represented by 
equation (2), is analogous to the well-known transmission of 
slow signals by Atlantic cables, that is by long cables where 
resistance and capacity are predominant, giving the so-called 


KR law (only that I will write it RS), 
C = Cy 67 1 8?™5* cos {pt— / (4pRS)e};_. . (10) 


wherefore the damping distance in a cable is 


»=a/ (rs) 


Thus, in comparing the cable case with the penetration of 
waves into a conductor and with the case of thermal con- 
duction, the following quantities correspond : 


apRs, STH, a 
cp is the heat-capacity per unit volume, § is the electric 
capacity per unit length ; & is the thermal conductivity per 
unit volume, 1/R is the electric conductance per unit length. 
So these agree exactly ; but in the middle case, that of waves 
entering a conductor, there is a notable inversion, representing 
a real physical fact. 4a may be called the density and may 
be compared with p or with 1 8, that is with elasticity+v’; 
but o is the resistance per unit volume instead of the con- 
ductance. The reason of course is that whereas good con- 
ductivity helps the cable-signals or the heat along, it by no 
means helps the waves into the conductor. Conductivity aids 
their slipping along the boundary of a conductor, but it 
retards their passing across the boundary and entering a 
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conductor. As regards waves entering a conductor, the 
effect of conductivity is a screening effect, not a trans- 
mitting effect, and it is the bad conductor which alone has 
a chance of being a transparent medium. 

[t may be convenient to telegraphists, accustomed to 
think in terms of the “KR-law” and comparing equa- 
tions (2) and (10), to note that the quantity 4 o—that 
is, practically, the specific conductivity in electromagnetic 
measure (multiplied by a meaningless 477 because of an 
unfortunate initial convention) —takes the place of KR (i. e. of 
RS), but that otherwise the damping-out of the waves as 
they enter a good conductor is exactly like the damping-out of 
the signals as they progress through a cable; or againas elec- 
trification travels along a cotton thread, or as a temperature 
pulse makes its way through a slab; and yet another case, 
though it is different in many respects, yet has some simi- 
larities, viz. the ultimate distance the melting-point of wax 
travels along a bar in Ingenhousz’s conductivity apparatus,— 
the same law of inverse square of distance for effective reach 
of signal holding in each case. 

Now it is pointed out by Mr. Heaviside in several places 
in his writings that, whereas the transmission of high- 
frequency waves by a nearly transparent substance corre- 
sponds by analogy to the conveyance of Hertz waves along 
aerial wires (or along cables for that matter, if sufficiently con- 
ducting), and whereas the absorption of low-frequency waves 
by a conducting substance corresponds, also by analogy, to the 
diffusion of pulses along a telegraph-cable whose self-induction 
is neglected—its resistance and capacity being prominent,— 
the intermediate case of waves of moderate frequency in a 
conductor of intermediate opacity corresponds to the more 
general cable case where self-induction becomes important and 
where leakage also must be taken into account; because it is 
leakage conductance that is the conductance of the dielectric 
concerned in plane waves. This last is therefore a real, and 
not only an analogic, correspondence. 

Writing R, 8, L, Q, for the resistance, the capacity (“ per- 
mittance’’), the inductance, and the leakage-conductance 
(‘“‘leakance ”) respectively, per unit length, the general 
equations to cable-signalling are given in Mr. Heaviside’s 
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dV 1G aC 
SF +QV+T=0, LG +R0+S =0; 


or for a simple harmonic disturbance, 


@V me 
Aotinc Cpl (Ors) Vo SS (11) 


= (a+78)°*V, 
whose solution therefore is 
Va aV ote 00s pi— a) Fe «2 se (11) 


There are several interesting special cases :— 

The old cable theory of Lord Kelvin is obtained by omitting 
both Q and L; thus getting equation (2). 

The transmission of Hertz waves along a_perfectly-con- 
ducting insulated wire is obtained by omitting Q and R; the 
speed of such transmission being 1//(L,8,). Resistance 
in the wire brings it to the form (9), where the damping 
depends on the ratio of the capacity constant RS to the self- 
induction constant L/S ; because the index R/2Lwv equals half 
the square root of this ratio; but it must be remembered 
that R has the throttled value due to merely superficial 
penetration. The case is approximated to in telephony 
sometimes. 

A remarkable case of undistorted (though attenuated) 
transmission through a cable (discovered by Mr. Heaviside, 
but not yet practically applied) is obtained by taking 


R/L = Q/S = 1; 
the solution being then 


Sayer *f(t—%), 


due to f(t) at w=0. All frequencies are thus treated alike, 


* I don’t know whether the following simple general expression for 
a and 8 has been recorded by anyone: writing R/pL=tan « and Q/pS= 
tan’, 
p sin or cos 3(e+e’) 


or 
he v’ (cos € cos e’)3 


Sear) 


which is shorter than (12). 
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and a true velocity of transmission makes its reappearance. 
This is what he calls his ‘ distortionless circuit,” which may 
yet play an important part in practice. 

And lastly, the two cases which for brevity may be 
treated together, the case of perfect insulation, Q=0, on 
the one hand, and the case of perfect wire conduction, R=0, 
on the other. For either of these cases the general expres- 
sion 


Tel er gp"Ls8, 414 (sr) f 41+ (2) } a5 0s aa! }] (1 


becomes exactly of the form (4) or (5) reckoned above for the 
general screening-effect, or opacity, of conducting media in 
space. 

For the number which takes the place of the quantity there 
called the critical number, namely either R/pL or Q/pS, the 
other being zero, we may write tane; in which case the 


above is 
a or BP =4p' LS (seceFl1);. . . . . (124) 


or, rewriting in a sufficiently obvious manner, with 27/A for 
piv if we choose, 
psin te 


_ poste 
*="y(cos €)” 


a= v(cos €)? ° 

Instead of attending to special cases, if we attend to the 
general cable equation (11) as it stands, we see that it is 
more general than the corresponding equation (3) to waves 
in space, because it contains the extra possibility R of wire 
resistance, which does not exist in free space. 

Mr. Heaviside, however, prefers to unify the whole by the 
introduction of a hypothetical and as yet undiscovered dissipa- 
tion-possibility in space, or in material bodies occupying 
space, which he calls magnetic conductance, and which, 
though supposed to be non-existent, may perhaps conceivably 
represent the reciprocal of some kind of hysteresis, either the 
electric or the magnetic variety. Calling this g, (yH? is to 
be the dissipation term corresponding with RC?), the equation 
to waves in space becomes 


VE = +ipw)(Z+ipK) FB. . . (0a) 


(12”) 
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just like the general cable case. And a curious kind of 
transparency, attenuation without distortion, would belong to 
a medium in which both conductivities coexisted in such 
proportion that g:m=4ak:K ; for g would destroy H just 
as k destroys EH. 

In the cable, F may be either current or potential, and 
LSv*=1. In space, F may be either electric or magnetic 
intensity, and w~Kv?=1 ; but observe that g takes the place 
not of Q but of R, while it is 47/o that takes the place of Q. 
Resistance in the wire and electric conductivity in space 
do not produce similar effects. If there is any analogue 
in space to wire resistance it is magnetic not electric con- 
ductivity. 

The important thing is of course that the wire does not 
convey the energy but dissipates it, so that the dissipation by 
wire-resistance and the dissipation by space-hysteresis to 
that extent correspond. The screening effect of space- 
conductivity involves the very same dielectric property as that 
which causes leakage or imperfect insulation of the cable 
core. 

Returning to the imaginary magnetic conductivity, let 
us trace what its effects would be if it existed, and try to 
grasp it. It effect would be to kill out the magnetism of 
permanent magnets in time, and generally to waste away the 
energy of a static magnetic field, just as resistance in wires 
wastes the energy of an unmaintained current and so kills 
out the magnetism of zts field. I spoke above as if it were 
conceivable that such magnetic conductivity could actually 
in some degree exist, likening it to a kind of hysteresis ; but 
hysteresis—the enclosure of a loop between a to and fro path 
—isa phenomenon essentially associated with fluctuations, and 
cannot exist in a steady field with everything stationary. 
Admitted : but then the molecules are not stationary, and the 
behaviour of molecules in the Zeeman and Righi phenomena, 
or still more strikingly in the gratuitous radiations discovered 
by Edmond Becquerel, and more widely recognized by others, 
especially by Monsieur et Madame Curie, (not really gratuitous 
but effected probably by conversion into high-pitched radiation 
of energy supplied from low-pitched sources),—the way 
molecules of absorbent substances behave, seems to render 
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possible, or at least conceivable, something like a minute 
magnetic conductivity in radiative or.absorptive substances. 
Mr. Heaviside, however, never introduced it as a physical 
fact for which there was any experimental evidence, but as a 
physical possibility and especially as a mathematical auxiliary 
and unifier of treatment, and that is all that we need here 
consider it to be ; but we may trace in rather more detail its 
effect if it did exist. 

Suppose the magnetism of a magnet decayed, what would 
happen to its lines of force? They would gradually shrink 
into smaller loops and ultimately into molecular ones. The 
generation of a magnetic field is always the opening out of 
previously existing molecular magnetic loops; there is no 
such thing as the creation of a magnetic field, except in the 
sense of moving it into a fresh place or expanding it over a 
wider region *, So also the destruction of a magnetic field 
merely means the shrinkage of its lines of force (or lines of 
induction, 1 am not here discriminating between them). 
Now consider an electric current in a wire :—a cylindrical 
magnetic field surrounds it, and if the current gradually de- 
creases in strength the magnetic energy gradually sinks into 
the wire as its lines slowly collapse. But observe that the 
electric energy of the field remains unchanged by this 
process: if the wire were electrostatically charged it would 
remain charged, its average potential can remain constant. 
Let the wire for instance be perfectly conducting, then the 
current needs no maintenance, the potential might be 
uniform (though in general there would be waves running to 
and fro), and both the electric and magnetic fields continue 
for ever, unless there is some dissipative property in space. 

Two kinds of dissipative property may be imagined in 
matter filling space : first, and most ordinary, an electric con- 
ductivity or simple leakage, the result of which will be to 
equalize the potential throughout space and destroy the electric 
field, without necessarily affecting the magnetic field, and so 
without stopping the steady circulation of the current mani- 
fested by that field. ‘he other dissipative property in space 
that could be imagined would be magnetic conductivity ; the 
result of which would be to shrink all the circular lines of 


* This may be disagreed with, 
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magnetic force slowly upon the wire, thus destroying the 
magnetic field, and with it (by the circuital relation) the 
current; but leaving the electrostatic potential and the electric 
field unchanged. And this imaginary effect of the medium 
in surrounding space is exactly the real effect caused by what 
is called electric resistance in the wire *. 

Now for a simply progressive undistorted wave, i.e. one 
with no character of diffusion about it, but all frequencies 
travelling at the same quite definite speed 1//wK, it is essential 
that the electric and magnetic energies shall be equal. If 
both are weakened in the same proportion, the wave-energy 
is diminished, and the pulse is said to be “ attenuated,” but it 
continues otherwise uninjured and arrives “ undistorted,” that 
is, with all its features intact and at the same speed as before, 
but on a reduced scale in point of size. 

This is the case of Mr. Heaviside’s “ distortionless circuit” 
spoken of above, and its practical realization in cables, though 
it would not at once mean Atlantic telephony, would mean 
greatly improved signalling, and probably telephony through 
shorter cables. In a cable the length of the Atlantic the 
attenuation would be excessive, unless the absence of distortion 
were secured by increasing rather the wire-conductance than 
the dielectric leakage; but, unless excessive, simple attenua- 
tion does no serious harm. Articulation depends on the 
features of the wave, and the preservation of the features 
demands, by Fourier’s analysis, the transmission of every 
frequency at the same rate. 

But now suppose any cause diminishes one of the two 
fields without diminishing the other: for instance, let the 
electric field be weakened by leakage alone, or let the mag- 
netic field be weakened by wire-resistance alone, then what 
happens? The preservation of H and the diminution of H, 
to take the latter—the ordinarvy—case, may be regarded as 
a superposition on the advancing wave of a gradually growing 
reverse field of intensity 6H ; and, by the relation H=pvH, 


* There is this difference, that in the real case the heat of dissipation 
appears locally in the wire, whereas in the imaginary case it appears 
throughout the magnetically conducting medium; but I apprehend that 
in the imaginary case the lines would still shrink, by reason of molecular 
loops being pinched off them. 
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this reversed field, for whatever it is worth, must mean a 
gradually growing wave travelling in the reverse direction, 

The ordinary wave is now no longer left alone and un- 
injured, it has superposed upon itself a more or less strong 
reflected wave, a reflected wave which constantly increases 
in intensity as the distance along the cable, or the penetration 
of the wave into a conducting medium, increases; all the 
elementary reflected waves get mixed up by re-reflexion in 
the rear, constituting what Mr. Heaviside calls a diffusive 
“tail”; and this accumulation of reflected waves it is which 
constitutes what is known as “distortion” in cables, and 
what is known as ‘‘ opacity ” inside conducting dielectrics. 

There is another kind of opacity, a kind due to hetero- 
geneousness, not connected with conductivity but due merely 
to a change in the constants K and ,—properly a kind of 
translucency, a scattering but not a dissipation of energy,— 
like the opacity of foam or ground glass. 

This kind of opacity is an affair of boundaries and not of 
the medium itself, but after all, as we now see, it has features 
by no means altogether dissimilar to the truer kind of opacity. 
Conducting opacity is due to reflexion, translucent opacity is 
due to reflexion,—to irregular reflexion as it is called, but of 
course there is nothing irregular about the reflexion, it is 
only the distribution of boundaries which is complicated, the 
reflexion is as simple as ever ;—except, indeed, to some 
extent when the size of the scattering particles has to be 
taken into account and the blue of the sky emerges. But 
my point is that this kind of opacity also is after all of the 
reflexion kind, and the gradual destruction of the advancing 
wave—whether it be by dust in the air or, as Lord Rayleigh 
now suggests, perhaps by the discrete molecules themselves, 
by the same molecular property as causes refraction and dis- 
persion—must result in a minute distortion and a mode of 
wave propagation not wholly different from cable-signalling 
or from the transmission of light through conductors. So that 
the red of the sunset sky and the green of gold-leaf may not be 
after all very different ; nor is the arrival-curve of a telegraph 
signal a wholly distinct phenomenon. 

There is a third kind of opacity, that of lampblack, where 
the molecules appear to take up the energy direct, converting 
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it into their own motion, that is into heat, and where there 
appears to be little or nothing of the nature of reflexion. I 
am not prepared to discuss that kind at present. 

It is interesting to note that in the most resisting and 
capacious cable that ever was made, where all the features of 
every wave arrive as obliterated as if one were trying to 
signal by heat-pulses through a slab, that even there the head 
of every wave travels undistorted, with the velocity of light, 
and suffers nothing but attenuation ; for the superposed re- 
versed field is only called out by the arrival of the direct pulse, 
and never absolutely reaches the strength of the direct field. 
The attenuation may be excessive, but the signal is there 
in its right time if only we have a sensitive enough instru- 
ment to detect it; though it would be practically useless as a 
signal in so extreme a case, being practically ail tail. 

Nothing at all reaches the distant end till the light-speed- 
time has elapsed ; and the light-speed-time in a cable depends 
on the w and K of its insulating sheath, depends, if that is 
not simply cylindrical, on the product of its self-inductance and 
capacity per unit length; but at the expiration of the light- 
speed time the head of the signalling pulse arrives, and 
neither wire-resistance nor insnlation-leakage, no, nor mag- 
netic-conductivity, can do anything either to retard it or to 
injure its sharpness: they can only enfeeble its strength, but 
they can do that very effectually. 

The transmitter of the pulse is self-induction in conjunction 
with capacity: the chief practical enfeebler of the pulse 
is wire-resistance in conjunction with capacity ; and before 
Atlantic telephony is possible (unless a really distortionless 
cable is forthcoming) the copper core of an ordinary cable 
will have to be made much larger. Nothing more is wanted 
in order that telephony to America may be achieved. There 
may be practical difficulties connected with the mechanical 
stiffness of a stout core and the worrying of its guttapercha 
sheath, and these difficulties may have to be lessened by aiming 
at distortionless coniditions—it is well known also that for 
high frequenciesa stout core must be composed of insulated 
strands unless it is hollow —but when such telephony is accom- 
plished, I hope it will be recollected that the fell and complete 
principles of it and of a great deal else connected with tele- 
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graphy have been elaborately and thoroughly laid down by 
Mr. Heaviside. ‘ 

There is a paragraph in Maxwell, concerning the way 
a current rises in a conductor and affects the surrounding 
space, which is by no means satisfactory: it is Art. 804. 
He takes the current as starting all along the wire, setting up 
a sheath of opposition induced currents in the surrounding 
imperfectly insulating dielectric, which gradually diffuse out- 
wards and die away, leaving at last the full inductive effect 
of the core-current to be felt at a distance. Thus there is 
supposed to be a diffusion of energy outwards from the wire, 
which he likens to the diffusion of heat. 

But, as Mr. Heaviside has shown, the true phenomenon is 
the transmission of a wave in the space surrounding the 
wire—a plane wave if the wire is perfectly conducting, 
a slightly coned wave if it resists,— a wave-front perpendicular 
to the wire and travelling along it,—a sort of beam of dark 
light with the wire as its core. 

Telegraphic signalling and optical signalling are similar ; 
but whereas the beam of the heliograph is abandoned to 
space and must go straight except for reflexion and refraction, 
the telegraphic beam can follow the sinuosities of the wire and 
be guided to its destination. 

If the medium conducts slightly it will be dissipated 
in situ; but if the wire conducts imperfectly, a minute trickle 
of energy is constantly directed inwards radially towards the 
wire core, there to be dissipated as heat. Parallel to the 
wire flows the main energy stream, but there is a small 
amount of tangential grazing and inward flow. The initial 
phenomenon does not occur in the wire, gradually to spread 
outwards, but it occurs in the surrounding medium, and a 
fraction of it gradually converges inwards. The advancing 
waves are not cylindrical but plane waves, and though the 
ditfusing waves are cylindrical they advance inwards, not 
outwards. : 

I will quote from a letter of Mr. Heaviside’s:—“ The easiest 
way to make people understand is, perhaps, to start with a 
conducting dielectric with plane waves in it without wires 
[thus getting] one kind of attenuation and distortion. irae 
introduce wires of no resistance ; there is no difference except 
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in the way the lines of force distribute [enabling the wires to 
guide the plane waves]. Then introduce magnetic con- 
ductivity in the medium, [thereby getting] the other kind of 
attenuation and aaron Transfer it to the wires, making 
it electrical resistance. Then abolish the first electric con- 
ductivity, and you have the usual electric telegraph.” 


Opacity OF GOLD-LUAF, 
Now returning to the general solution (5) let us apply it 
to calculate the opacity of gold-leaf to light. 
Take o= 2000 » square centim. per sec., 
p=27x5x 10" per sec. ; 
then the critical quantity 4a/poK or (7) is 
2x 9x10” _ 1800 
Sx 2000 K/K, 7 K/Ky 
This number is probably considerably bigger than unity 
(unless, indeed, the specific inductive capacity K/Ky of gold 


is immensely are which may indeed be the case—refractive 
index 40, for instance,—only it becomes rather difficult to 


define) ; so that, approximately, 


27rup 40 x5 x10! _ 159° — 6.5 
aaa / (EE) = Jang = 108 = Bx108; 


or the damping distance is 
zy X 10° centim. = 4 microcentimetre, 


whereas the wave-length in air is 
6 x 10-* centim. = 60 microcentimetres. 


The damping distance is therefore getting nearer to the 
right order of magnitude, but the opacity is still excessive, 

A common thickness for gold-leaf is stated to be half a 
wave-length of light; that is to say, 90 times the damping 
distance. Hence the amplitude of the light which gets 
through a half-wave thickness of gold is e~® of that which 
enters ; and that is sheer opacity. 

(Maxwell’s calculation in Art. 798, carried out numerically, 


makes the damping 


e aes = exp. (—10%x) for gold, 
2H 2 
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see equation (8) above; or, for a thickness of half a wave- 
length, 10-1, which is billions of billions of billions (indeed 
a number with 960 digits) times greater opacity than what 
we have here calculated, and is certainly wrong.] 

It must, however, be granted, I think, that the green light 
that emerges from gold-leaf is not properly transmitted ; it 
is light re-emitted by the gold *. The incident light, say the 
red, is all stopped by a thickness léss than half a wave-length. 
The green light may conceivably be due to atoms vibrating 
fairly in concordance, and not calling out the conducting 
opacity of the metal. If the calculated opacity, notwith- 
standing this, is still too great, it is no use assuming a higher 
conductivity at higher frequency, for that would act the 
wrong way. What must be assumed is either some special 
molecular dispersion theory, or else greater specific resistance 
for oscillations of the frequency which get through; nor 
must the imaginative suggestion made immediately below 
equation (13) be altogether lost sight of. 

There is, however, the possibility mentioned above that the 
relative specific inductive capacity of gold, K Ko, if a 
meaning can be attached to it, may be very large, perhaps 
(though very improbably, see Drude, Wied. Ann. vol. xxxix. 
p- 481) comparable with 1800. Suppose for a moment that 


itis equal to 1800 ; then the value of the critical quantity (7) 
is 1 and the value of a is 


—————— K 27 x5x 10" 5 
3 ewig oun! eV ee eee eee 
pVuKxt =? \/ (sr) 3x 100 7360 


= 19 x 10°, 


which reduces the calculated opacity considerably, though 
stil] not enough. 


In general, calling K/K)=c, and writing the critical 


Amr? 
number be ~ as h/c, we have 
“ce ae yy Dy? 
Bea = bal /8* = Nata? =v (18-48) —e 5 


ees 
This would be fluorescence, of course ; and Dr. Larmor argues in 


favour of a simple ordinary exponential coefficient of absorpti : 
metals. See Phil. Trans, 1894, p. 738, § 27. ame 
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so that ad/2m ranges from 4h when h/c is big, to 4h/“ 
when h/e is small. 

Writing the critical number h/c as tan e, the general value 
of a is given by 

aw=mV2c(sece—1). . . . . . (14) 
This is the ratio of the wave-length in air to the damping 
distance in the material in general ; meaning by “ the damp- 
ing distance ” the thickness which reduces the amplitude in 
the ratio e:1. (14) represents expression (5); compare 
with (12’). 
Theory of a Film. 


So far nothing has been said about the limitation of the 
mediam in space, or the effect of a boundary, but quite 
recently Mr. Heaviside has called my attention to a special 
theory, a sort of Fresnel-like theory, which he has given 
for infinitely thin films of finite conductance ; itis of remark- 
able simplicity, and may give results more in accordance 
with experiment than the theory of the universal opaque 
medium without boundary, hitherto treated: a medium in 
which really the source is immersed. 

Let a film, not so thick as gold-leaf, but as thin as the 
black spot of a soap-bubble, be interposed perpendicularly 
between source and receiver. I will quote from ‘ Electrical 
Papers,’ vol. ii. p. 885 :—“ Let a plane wave By=mvH, 
moving in a nonconducting dielectric strike flush an ex- 
cecdingly thin sheet of metal [so thin as to escape the need 
for attending to internal reflexions, or the double boundary, 
or the behaviour inside]; let E,= pvH, be the transmitted wave 
out in the dielectric on the other side, and H;= —pvH,; be the 


reflected wave *. 


* General Principles—It may be convenient to explain here the 
principles on which Mr, Heaviside arrives at his remarkably neat 
expression for a wave-front in an insulating medium, 

E = gvH, 
or as it may be more fully and vectorially written, 
V(-E) = “eH, 
where E is a vector representing the electric intensity (proportional tu 
the electric displacement), H is the magnetic intensity, and » is unit 
normal to the wave-front. E and H are perpendicular vectors in the 
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“ At the sheet we have 
BK, + B;=8, 
A, + H; = ae + 4arkz Hy, 
k being the conductivity of the sheet of thickness z. Theretore 


i, Hy “Bp Sear ae i) 


same plane, 7.e. in the same phase, and E Hy are all at right angles to 
each other. 

The general electromagnetic equations in an insulating medium are 
perhaps sufficiently well known to be, on Mr. Heaviside’s system, 


ewlH =KE and —curlE= “H, 


where “curl ” is the veetor part of the operator y, and where Maxwell’s 
vector-potential aud other complexities have been dispensed with. 

[In case these equations are not familiar to students I interpolate a 
parenthetical explanation which may be utilised or skipped at pleasure. 

The orthodox definition of Maxwell’s name “curl” is that b is called 
the curl of a when the surface-integral of b through an area is equal to the 
line-integral of a round its boundary, a being a vector or a component 
of a vector agreeing everywhere with the boundary in direction, and b 
being a vector or component of vector everywhere normal to the area. 
Thus it is an operator appropriate to a pair of looped or interlocked 
circuits, such as the electric and the magnetic circuits always are. The 
first of the above fundamental equations represents the fact of electro- 
magnetism, specially as caused by displacement currents in an insulator, 
the second represents the fact of magneto-electricity, Faraday’s magneto- 
electric induction, in any medium. Taking the second first, it states the 
fundamental law that the induced EMF in a boundary equals the rate of 
change in the lines of force passing through it; since the EMF or step 
of potential all round a contour is the line-integral of the electric intensity 
E round it, so that 


Saal aN we . 
EMF = Eds = -C=- {\ BaS= - il} wHdS ; 
wherefore —#H equals the curl of E. (The statement of this second 
circuital law is entirely due to Mr. Heaviside ; it is now largely adopted 
and greatly simplifies Maxwell’s treatment, abolishing the need for 
vector potential.) (See, however, Appendix III. p. 386. May 1899.] 
The first of the above two fundamental equations, on the other hand 
depends on the fact that a current round a contour excites lines of fe 4 
netic force through the area bounded by it, and states the law that the 
total magnetomotive force, or line-integral of the magnetic intensity 
round the boundary, is equal to 4m times the total current throuch it: 
the total current being the “ ampere-turns”’ of the practical Engitieer. 
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H is reflected positively and E negatively. A pertectly con- 
ducting barrier is a perfect reflector ; it doubles the magnetic 
force and destroys the electric force on the side containing 
the incident wave, and transmits nothing.” 

[I must here interpolate a remark to the effect that though 
it can hardly be doubted that the above boundary conditions 
(tangential continuity of both E and H) are correct, yet 
in general we cannot avoid some form of ther-theory 


Expressing this law in terms of current density c, we write 
MMF = | Has = 4x€ = (| red; 
eycle uJ 

so always current-density represents the curl of the magnetic field due 
to it, or curl H=4ze, 

Now in a conductor c=, butin an insulator e=D, the rate of change 
of displacement or Maxwell’s “displacement-current”; and the dis- 
placement itself is proportional to the intensity of the electric field, 


D se: ; hence the value of current density in general is 
T 


fhe 
c=kE+——E, 
whence in general 
curl H =47kKE4+KE=(40k+Kp)E, 


and in an insulator the conductivity & is nothing. 

The connexion between “curl” so defined and Vy is explained as 
follows. The operator y applied to a vector R whose components are 
X Y Z gives ‘ P . 

y+ 7 +h) ((X+jY 
("+35 + +) G&+IY + kd), 


which, worked out, yields two parts 


dX ,dY , dZ 
SvR or a turn +=); 


also called convergence, and 
.(dZ dY . (dX _dZ aY_dX 
WR or (FF) +9 (F Sea nilbe = 
or say 7+ jn + kg, where &7¢ are the components of a spin-like 
vector o. Now a theorem of Sir George Stokes shows that the normal 
component of w integrated over any area is equal to the tangential com- 
ponent of R integrated all round its boundary ; hence Vy and curl are 
the same thing. 
Whenever @ is zero it follows that R has no circulation but is 
the derivative of an ordinary single-valued potential function, whose 
dV =Xde+Ydy+Zdz. In electromagnetism this condition is by no means 
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when we have to lay down continuity conditions, and, 
according to the particular kind of <ether-theory adopted 50 
will the boundary conditions differ. My present object is to 
awaken a more general interest in the subject and to repre- 
sent Mr. Heaviside’s treatment of a simple case ; but it must 
be understood that the continuity conditions appropriate to 
oblique incidence have been treated by other great mathe- 
matical physicists, notably by Drude, J. J. Thomson, and 


satistied. Ls and II or H and E are both full of circulation, and their 
circuits are interlaced. Fluctuation in E by giving rise to current causes 
H; fluctuation in H causes induced E.] 


Now differentiating only in a direction normal to a plane wave 
advancing along 2, the operator Vy becomes simply 7d/dv when applied 
to any vector in the wave-front, the scalar part of y being nothing. 

So the second of the above fundamental equations can be written 


_,@B_, a 
dx dt’ 
or 
deal ob 
dae 8 


so, ignoring any superposed constant fields of no radiation interest, E and 
H are vectors in the same phase at right angles to each other, and their 
tensors are given by E = wvH. 

Similarly of course the other equation furnishes H=KvE; thus giving 
the ordinary Kwv’=1, and likewise the fact that the electric and mag- 
netic energies per unit volume are equal, }KE?=34H’. 

A wave travelling in the opposite direction will be indicated by 
H=-—vH; hence, as is well known, if either the electric or the 
magnetic disturbance is reversed in sign the direction of advance is 
reversed too. 

(The readiest way to justify the equation E=vH, @ posteriori, is to 
assume the two well-known facts obtained above, viz. that the electric 
and magnetic energies are equal in a true advancing wave, and that 
%=1// wK; then it follows at once.) 


Treatment of an insulating boundary.—At the boundary of a different 
medium without conductivity the tangential continuity of E and of H 
across the boundary gives us the equations 

E, + E, = E, 

H,+H,=H,, 
where the suffix 1 refers to incident, the suffix 2 to transmitted, and 
the suffix 3 to reflected waves. 


H,+Hy, may be replaced by «v(E,—E,), since the reflected wave is 
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Larmor, also by Lord Rayleigh, and it woull greatly 
enlarge the scope of this Address if I were to try to discusss 
the difficult and sometimes controversial questions which 
arise. I must be content to refer readers interested to the 
writings of the Physicists quoted—especially I may refer to 
J.J. Thomson’s ‘Recent Researches,’ Arts. 352 to 409, and 
to Larmor, Phil. Trans, 1895, vol. 186, Art. 30, and other 
places. ] 

Now apply this to an example. Take & for gold, as we 
have done before, to be 1/2000 uw seconds per square centim. 


reversed ; so we shall have, for the second of the continuity equations, 


22 
E,—E,= ey E,=nmk, ; 


n being the index of refraction, and m the relative iuductivity. Hence, 
adding and subtracting, 


Ki. _ 2 
E, 1+nm’ 
and 
By l—nxm , 
1 1+nm’ 


well-known optical expressions for the transmitted and reflected ampli- 
tudes at perpendicular incidence, except that the possible magnetic property 
of a transparent medium is usually overlooked. 

Treatment of a conducting boundary.—But now, if the medium on the 
other side of the boundary is a conductor instead of a dielectric, a term 
in one of the general equations must be modified; and, instead of 
curl H=KpE, we shall have, as the fundamental equation inside the 


medium, 


— Fh Ark; 


ax 
or more generally (4rk+Kp)E. 

So, on the far side of a thin slice of thickness z, the magnetic intensity 
H, is not equal to the intensity H,+H, on the near side, but is less by 
dH = 4rkEde = 4rkE,2 = 4rkuvzH, ; 
and this explains the second of the continuity equations immediately 

following in the text. 

In a quite general case, where all the possibilities of conductivity and 
capacity &c. are introduced at once, the ratio of E/H is not gv or («/K)3, 
but is (g+,p)’ 2(4ak+Kp) —? for waves in a igs material medium, 
(9 may always be put zero), or (R+pL)?(Q+ ps)? for waves guided by 
a resisting wire through a leaky dielectric, 

The addition of dielectric capacity to conductivity in a film is there- 
fore simple enough and results in an equation quoted in the text below. 
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and v=3 x 10" centim. per sec., for v is the velocity in the 
dielectric not in the conductor; then take a film whose 
thickness z is one twenty-fifth of a wave-length of the 
incident light; and the ratio of the transmitted to the 
incident amplitude comes out 


1000 ] 


1/2arpkvz = ae Pag 


Some measurements made by W. Wien at Berlin in 1888 
(Wied. Ann. vol. xxxv.), with a bunsen-burner as source of 
radiation, give as the actual proportion of the transmitted 
to the long-wave incident light, for gold whose thickness is 


Simple treatment of the E.M. theory of light.—It is tempting to show 
how rapidly the two fundamental electromagnetic equations, in Mr. Heavi- 
side’s form, lead to the electromagnetic theory of light, if we attend 
specially to the direction normal to the plane of the two perpendicular 
vectors E and H, to the direction along say x, so that y = id/dx and 
Vv? = —d*/dx’. 

In an insulating medium the equations are 

eulH=KE and —cwlE=¢H; 
now curl=Vy=y, since Sy=0 in this case, so 
vH=KyE=KeurlE=—KzH; 
or, in ordinary form, 
PH _,?H 
dx? OTE 
and there are the waves. 
If this is not rigorous, there is no difficulty in finding it done properly 


in other places. I believe it to be desirable to realize things simply as 
well. 


In a conducting medium the fundamental equations are, one of them, 
curl H=KE+44ckE=(Kp+4nk)E, 


while the other remains unchanged ; unless we like to introduce the non- 
existent auxiliary g, which would make it 


—VvyE=(0+2p)H, 
and would eover wires too. 
So — Vill = (4rk+Kp)(g+ep)H, 


the general wave equation. In all these equations p stands for d/dt ; but, 


for the special case of simply harmonic disturbance of f 
re 
course 7p can be substituted. pent A 
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10~° centim., 0033 or 1/300 ; while for gold one quarter as 
thick the proportion was 04 (see Appendix II. page 385). 

He tried also two intermediate thicknesses, and though 
approximately the opacity increases with the square of the 
thickness, it really seems to increase more rapidly: as no 
doubt it ought, as the boundaries separate. However, for 
a thickness 4/25 I suppose we may assume that about 1/3rd 
of the light would be transmitted, whereas the film-theory 
gives (1/200)?; so even now a metal calculates out too opaque 
though it is rather less hopelessly discrepant than it used to 
be. The result, we see, for the infinitely thin film, is inde- 
pendent of the frequency. 

Specific inductive capacity has not been taken into account 
in the metal, but if it is it does not improve matters. It 
does not make much difference, unless very large, but what 
ditterence it does make is in the direction of increasing 
opacity. In a letter to me Mr. Heaviside gives for the 
opacity of a film of highly conducting dielectric 


n= { (14 2nukes)? + (4mezp/o) moe. (16) 
where I have replaced his $4vzKp last term by an expression 
with the merely relative numbers K/Ky and p/fo, called c 
and m respectively, thus making it easier to realise the 
magnitude of the term, or to calculate it numerically. 


Theory of a Slab. 


An ordinary piece of gold-leaf, however, cannot properly 
be treated as an infinitely thin film ; it must be treated as a 
slab, and reflexions at its boundaries must be attended to. 
Take a slab between z=0 and #w=/. The equations to be 
satisfied inside it are the simplified forms of the general 
fundamental ones 


dE _ gout 
—__ =ppH, ap ATE, 


dx 
k being 1/o, and K being ignored ; while outside, at w=J, 
the condition HE=pvH has to be satisfied, in order that a 
wave may emerge. 
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The following solutions do all this if g?=4apkp :— 


B=Ac" (1+ radi? rae) 
Hh beh & 
ptt AL (12042 oH») 
B (Usp 
Conditions for the continuity of both E and H at «=0 
suffice to determine A, namely if E, H, is the incident and 
E; H; the reflected wave on the entering side, while E, Hy 
are the values just inside, obtained by putting v=0 in the 
above, 
: BE, + E.= Ey, 
B, — B;=yv(H, + Hs) =pvHy. 
Adding, we get a value for A in terms of the incident light Ey, 
2Bp(qu—p)=A{(qu-+p)%e" —(qu—p)}- 
whence we can write E anywhere in the slab, 
un 2p(qu—p) { oy WUT Pie -«} 
E, my (qut+p)e —(qu—p)? ev + wae é : 
Put #=/, and call the emergent light E, ; then 


aD) 4pqu 

By Ge p)'a—(wappea= ey (10 
and this constitutes the measure of the opacity of a slab, 
p” being the proportion of incident light transmitted. 

It is not a simple expression, because of course p signifies 
the operator d/dt, and though it becomes simply ip for a 
simply harmonic disturbance, yet that leaves g complex. 
However, Mr. Heaviside has worked out a complete expres- 
sion for p®, which is too long to quote (he will no doubt be 
publishing the whole thing himself before long), but for 
slabs of considerable opacity, in which therefore multiple 
reflexions may be neglected, the only important term is 


_ 4V2e-"plav 
1+(1+p/av)” ° 


a=W (2rup/c) = 3 x 10° 


p oe ce ES) 


with 


PROF, OLIVER LODGE ON OPACITY. 379 


for light in gold ; and 
ieee sacar: 2 kL 
a Gr Vea 5 ) +25 anon, 
So the effect of attending to reflexion at the walls of the slab 


is to still further diminish the amplitude that gets through, 
below the e—* appropriate to the unbounded medium, in the 


ratio of oR OF about a ninth. 


Effect of each Boundary. 


It is interesting to apply Mr. Heaviside’s theory to a study 
of what happens at the first boundary alone, independent of 
subsequent damping. 

Inside the metal, by the two fundamental equations, we 
have 


_( ¥P\ 
B= (#2) A, 


and by continuity across the boundary 
B, + E;=K,, 

= - Amk\? qv 
E,— E;=yvH, = mE) = - Kp, 


where still g?=4arpkp. 
Therefore, for the transmitted amplitude 


Ey 2p 

Ey pt+qv 
and for the reflected 

pees Pim 

EK, pty 


or rationalising and writing amplitudes only, and under- 
standing by p no longer d/d¢t in general, but only 27 times 
the frequency, 

Ko _ 2p a 

B, V(ptav)?par) Pi 


Any thickness of metal multiplies this by the factor e-*, 
and then comes the second boundary, which, according to 
what has been done above, has a comparatively small but 
peculiar effect ; for it ought to change the amplitude from p, 


(19) 
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into p, that is to give an emergent amplitude 
4 V2. plav af 

1+(1+p/lav)j? 1° > 

instead of the above incident on the second boundary 


— > > Bes lw Se: (20 

SOF (+ pa0F) ith 
that is for the case of light in gold, for which p/av is small, 
to change 2/,/2 into 22, in other words, to double it. 


The effect of the first boundary alone, p,, is z — or say 


1/18, and this is a greater reduction effect than that reckoned 
above for the two boundaries together. 

Thus the obstructive effect of the two boundaries together 
comes out less than that of the first boundary alone—an 
apparently paradoxical result. About one-eighteenth of the 
light-amplitude gets through the first boundary, but about 
one-ninth gets through the whole slab (ignoring the geo- 
metrically progressive decrease due to the thickness, that is 
ignoring e~”, and attending to the effect of the boundaries 
alone ; which, however, cannot physically be done). At 
first sight this was a preposterous and ludicrous result. The 
second or outgoing boundary ejects from the medium nearly 
double the amplitude falling upon it from inside the con- 
ductor! But on writing this, in substance, to Mr. Heaviside 
he sent all the needful answer by next post. ‘The incident 
disturbance inside is not the whole disturbance inside.” 

That explains the whole paradox—there is the reflected 
beam to be considered too. At the entering boundary the 
incident and reflected amplitudes are in opposite phase, and 
nearly equal, and their algebraic sum, which is transmitted, 
is small. At the emerging boundary the incident and re- 
flected amplitudes are in the same phase, and nearly equal, 
and their algebraic sum, which is transmitted, is large—is 
nearly double either of them. But it is a curious action :— 
either more light is pushed out from the limiting boundary 
of a conductor than reaches it inside, or else, I suppose, 
the velocity of light inside the metal must be greater 
than it is outside, a result not contradicted by Kundt’s 
refraction experiments, and suggested by most optical 
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theories. It is worth writing out the slab theory a little 
more fully, to make sure there is no mistake, though the 
whole truth of the behaviour of bodies to light can hardly be 
reached without a comprehensive molecular dispersion theory. 
I do not think Mr. Heaviside has published his slab theory 
anywhere yet. A slab theory is worked out by Prof. J. J. 
Thomson in Proc. Roy. Soc. vol. xlv., but it has partly 
for its object the discrimination between Maxwell’s and other 
rival theories, so it is not very simple. Lord Kelvin’s Balti- 
more lectures probably contain a treatment of the matter. 
All that I am doing, or think it necessary to do in an 
Address, is to put in palatable form matter already to a few 
leaders likely to be more or less known: in some cases 
perhaps both known and objected to. 

The optical fractions of Sir George Stokes, commonly 
written bce f, are defined, as everyone knows, as follows. 
A ray falling upon a denser body with 
incident amplitude 1 yields a reflected 
amplitude } and a transmitted ¢. A babe? 
ray falling upon the boundary of a 
rare body with incident amplitude 1 
-has an internally reflected amplitude e 
and an emergent f/. General prin- 
ciples of reversibility show that f 
b+e=0, and that 6?+¢f=1 in a trans- 
parent medium. 

Now in our present case we are attending to perpendicular 
incidence only, and we are treating of a conducting slab; 
indeed, we propose to consider the obstructive power of the 
material of the slab so great that we need not suppose that 
any appreciable fraction of light reflected at the second surface 
returns to complicate matters at the first surface. This limita- 
tion by no means holds in Mr, Heaviside’s complete theory, of 
course, but I am taking a simple case. 

The characteristic number which governs the phenomenon 
is £ or 2 a number which for light and gold we reckoned as 


being about 5), that is decidedly smaller than unity, a being 


V/(2Qapkp). or vA (“=”). The characteristic number p/av 
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we will for brevity write as 2, and we will express amplitudes 
for perpendicular incidence only, as follows :— 
Incident amplitude 1, 
(irs ee 
ey 1+(1+h)? 
2h ji 
{14+(1 hy? ree 


externally reflected b= 


entering c= 


Incident again 1, 


ea feel ae 
internally reflected e= {7 + (1 +h)? ae 


2V2 
{1+ (1 +A) 
(It must be remembered that ¢ and f refer to the second 
boundary alone, in accordance with the above diagram.) 
Thus the amplitude transmitted by the whole slab, or 
rather by both surfaces together, ignoring the opacity of its 
material for a moment, is 


emergent /= 


AZ. 
1+(1+h)? 

To replace in this the effect of the opaque material, of 
thickness /, we have only to multiply by the appropriate ex- 
ponential damper, so that the amplitude ultimately trans- 
mitted by the slab is 


transmitted cf= 


4/2. plav 
1+ (1 +p/av)2” 


times the amplitude originally incident on its front face. 

This agrees with the expression (18) specifically obtained 
above for this case, but, once more I repeat, multiple reflexions 
have for simplicity been here ignored, and the medium has 
been taken as highly conducting or very opaque. 

But even so the result is interesting, especially the result 
for f. To emphasize matters, we may take the extreme case 
when the medium is so opaque that / is nearly zero; then } 
is nearly —1,c¢ is nearly 0, being hV/2,e is the same as } 
except for sign, and fis nearly 2 

An opaque slab transmits 8/?e-" of the incident light 
energy ; its first boundary transmits only 247, The second 


—al 
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or emergent boundary doubles the amplitude. Taken in 
connexion with the facts of selective absorption and the 
timing of molecules to vibrations of certain frequency, I 
think that this fact can hardly be without influence on the 
green transparency of gold-leaf. 


APPENDIX I. 


Mr. Huavisipr’s Note on Electrical Waves in Sea- Water. 


(Contributed to a discussion at the Physical Society in June 1897 : 
see Mr. Whitehead’s paper, Phil. Mag. August 1897.] 


“To find the attenuation suffered by electrical waves through 
the conductance of sea-water, the first thing is to ascertain 
whether, at the frequency proposed, the conductance is paramount, 
or the permittance, or whether both must be counted. 

“Ttis not necessary to investigate the problem for any particular 
form of circuit from which the waves proceed. The attenuating 
factor for plane waves, due to Maxwell, is sufficient. If its validity 
be questioned for circuits in general, then it is enough to take the 
case of a simply-periodic point source in a conducting dielectric 
(‘ Electrical Papers,’ vol. ii. p. 422, § 29). The attenuating constant 
is the same, viz. (equation (199) loc cit.) :— 


sta [oP 


where 7/27 is the frequency, & the conductivity, ¢ the permittivity, 
and v=(pc)-2, being the inductivity. 

“The attenuator is then e-”” at distance r from the source, as 
in plane waves, disregarding variations due to natural spreading. 
It is thus proved for any circuit of moderate size compared with 
the wave-length, from which simply periodic waves spread. 

“The formula must be used in general, with the best values of k 
and ¢ procurable. But with long waves it is pretty certain that the 
conductance is sufficient to make 47k/cn large. Say with common- 
salt-solution k=(30")-!, then 


if f is the frequency. This is large unless f is large, whether we 
VOL. XVI, 21 
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assume the specific c/c, to have the very large value 80 or the 
smaller value effectively concerned with light waves. We then 


reduce n, to ; 
n, =(2npkr)? = Qn(pkf )?, 


as in a pure conductor. 

“This is practically true perhaps even with Hertzian waves, of 
which the attenuation has been measured in common-salt-solution 
by P. Zeeman. If then k-1=30!! [and if the frequency is 300 per 
second] we get n,=about s7/55- 

“Therefore 50 metres is the distance in which the attenuation 
due to conductivity is in the ratio 2°718 to 1, and there is no reason 
why the conductivity of sea-water should interfere, if the value is 
like that assumed above. 

“These formule and results were communicated by me to 
Prof. Ayrton at the beginning of last year, he having enquired 
regarding the matter, on behalf of Mr. Evershed I believe. 

“The doubtful point was the conductivity. I had no data, but 
took the above k from a paper which had just reached me from 
Mr. Zeeman. Now Mr. Whitehead uses k—-1=201°, which is no 
less than 15 times as great. I presume there is good authority for 
this datum *. None is given. Using it we obtain n,= 7344. 

“ Thus 50 metres is reduced to. 13:16 metres. Buta considerably 
greater conductivity is required hefore it can be accepted that the 
statements which have appeared in the press, that the failure of 
the experiments endeavouring to establish telegraphic communica- 
tion with a light-ship from the sea-bottom was due to the con- 
ductance of the sea, are correct. It seems unlikely theoretically, 
and Mr. Stevenson has contradicted it (in ‘ Nature’) from the 
practical point of view. So far as I know, no account has been 
published of these experiments, therefore there is no means of 
finding the cause of the failure.” © 


* Dr. J. L. Howard has recently set a student to determine the resistivity 
of the sea-water used by Professor Herdman, density 1-019 gr. per e.c., 
and he finds it to be 8x 10° c.e.s. at 15° C.—O. J. L., March 1899, 

Added, May 1899.—An old student of mine, Prof. W. M. Thornton, 
of the Durham College, Newcastle, tells me that the resistance of sea- 
water collected at Tynemouth pier at flood-tide is 2°39x10"° c.q@.s. 
at 15° C, 
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APPENDIX II. 


Experiments on the Transparency of Metals. 


The experiments of W. Wien on the transparency of metals, 
by means of a bolometer arranged to receive the radiation from a 
bunsen burner transmitted through different films, resulted in the 
following numbers for the proportion of radiation transmitted. 


Proportion transmitted. 
Thickness in | Proportion 
Metal. 107 centim. | Bucs bare Bunsen warnesi. f° ected. 

| luminous. non-luminous. 
Platinum ......... Dove se ‘37 13 
Tron & Platinum 40+20 | ‘10 14 45 
Old Gg Uerer tse supe 56 040 ‘041 63 
(Era) a in eigen snnees 100 0085 ‘0036 ‘80 
Gold'S eee sneer: 24 “41 “41 05 
Goold esate ss «2 v0se 35 “20 20 ‘19 
Silver 1 (blue) ... 36 058 ‘046 “78 
Silver 2 (grey) ... 39°5 058 055 ‘60 
Silver 3 (grey) ... 29 25 ‘42 ‘40 
Silver 4 (blue) ... DOL 0022 ‘0019 95 
Siiver 5 (grey) ... 273 “ol 48 24 


The thickness is in millionths of a millimetre, 7.¢. is in terms 
of the milli-mikrom * called by microscopists pp. 

The films were on glass, and the absorption of the glass was 
allowed for by control experiments. 


* In spelling the word “ mikrom” thus, I am following Lord Kelvin, 
who wishes to introduce two units—one, the ordinary mikrometre (the 
mikrom) or +75, of a millimetre, called by microscopists »; the other, a 
unit of time to be called a “michron,” being the time required for 
light to traverse the above small distance. This suggestion of Lord 
Kelvin’s commends itself to me; at any rate I take the opportunity of 


calling the attention of Physicists to it. 
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It is to be understood that of the whole incident light the pro- 
portion reflected is first subtracted, and-the residue is then called 
1 in order to reckon the fraction transmitted of that which enters 
the metal, it being understood that the residue which is not trans- 
mitted (say ‘68 or ‘63 in the case of platinum) is absorbed. It 
may be that more and better work has been done on the opacity of 
metals than this: at any rate there seems to me room for it. I 
do not quote these figures with a strong feeling of confidence in their 
accuracy. They are to be found in Wied. Ann. vol. xxxv. p. 57. 


Apprnbix III. (Added later.) 


The parenthetical statement near the bottom of page 372, con- 
cerning the first clear statement of the two circuital laws by 
Mr. Heaviside, represented subjectively the truth for me and for 
some others; but it should have been more carefully guarded if it 
was to be taken as representing objective truth: for I am referred 
to Maxwell, Philosophical Transactions, 1868 (‘Collected Papers,” 
vol. il. p. 188), where the statement is very clear, and also to 
Rayleigh, Philosophical Magazine, August 1881, equations 8 and 9. 
T regret my inadequate acquaintance with scientific history. 
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XXXVI. On certain Diffraction Fringes as applied to 
Micrometric Observations. By L. N. G. Fiton, M.A., 
Demonstrator in Applied Mathematics and Fellow of Uni- 
versity College, London*. 


1. Tue following paper is largely criticism and extension of 
Mr. A. A. Michelson’s memoir “ On the Application of Inter- 
ference Methods to Astronomical Observations,” published in 
the Phil. Mag. vol. xxx. p. 256, March 1891. 

Light from a distant source is allowed to pass through two 
thin parallel slits. The rays are then focussed on a screen 
(or the retina of the eye) and interference-fringes are seen. 
If the distant source be really double, or extended, the fringes 
will disappear for certain values of the distance between the 
slits. This distance depends on the angle subtended by the 
two components of the double source or the diameter of 
the extended source. 

Mr. Michelson, however, in obtaining his results treated 
the breadth of the slits as small compared with the wave- 
length of light and their length as infinite. This seems un- 
justifiable « priort. The present investigation takes the 
dimensions of the slits into account. 

2. Suppose we have an aperture or diaphragm of any 
shape in a screen placed just in front of the object-glass of a 
telescope (fig. 1). 

Let the axis of the telescope be the axis of z. Let the 
axes of w and y be taken in the plane of the diaphragm OQ 
perpendicular to and in the plane of the paper respectively. 
Let S be a source of light whose coordinates are U, V, W. 
Let Q be any point in the diaphragm whose coordinates are 
(2, y). Let AP be a screen perpendicular to the axis of the 
telescope, and let (p, g) be the coordinates of any point P on 
this screen. Let A’P’ be the conjugate image of the screen 
AP in the object-glass. 

Let b =distance of centre C of lens from screen AP. 

= xe image of screen AP. 


f= aeinics of feed OQ from plane A’P’. 


* Read November 25, 1898. 
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‘Then if, as is usual, we break up a wave of light coming 
from § a the diaphragm, the secondary wave due to the 
disturbance at Q would have to travel along a path QRTP in 
order to reach a point P on the screen, being regularly 
refracted. 

Fig. 1. 


But since P! is the geometrical image of P, all rays which 
converge to P (i.e. pass through P) after refraction, must 
have passed through P’ before refraction, to the order of our 
approximation. 

Hence the ray through Q which is to reach P must be 
PQ: 

Moreover, P and P’ being conjugate images the change of 
phase of a wave travelling from P’ to P is constant to the first 
approximation and independent of the position of Q. 

Now the disturbance at P due to an element dz eo of the 
diaphragm at Q is of the form 


Ada dy nem rt 
Os on ae 


“ —SQ-QR—p. RT— —TP), 


where 2 is the ieee 7 is the period, A is a constant, 
ry is the index of refraction of the material of the lens, and b 
is put instead of QP outside the trigonometrical term, because 
the distance of the lens from the diaphragm and the juclnnaen 
of the rays are supposed small. 


But P‘Q+QR+”RT+TP =constant for P. 
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Therefore the disturbance 


_ Adady . 2mr(M ' ; 
aa sin =~ ~ SQ + P'Q—const. ) 


BQ*= (c—U)*+(y—V)?+ W* 


But 


b! b! 
BOSE ep tt. a) ty 


Now in practice 2, y, p,q are small compared with 0’, b, f, 
or W ; U and V are small compared with W. Neglecting 
terms of order U?/W*, «U?/W’, &c., we find 


noe UV wt? 
8Q= VUE VEE Wa ey th ae 


In like manner 


teen ra 
+2 
P/Q=s' ete ae ee roa as 


remembering that f is very nearly equal to 0’ because the 
diaphragm is very close to the lens. 

Hence the difference of retardation measured by length in 
air 


P/Q—SQ=const. +(F+ Wet (¢ a wl 


+3(a?+y 1G; —¥): 

If now the geometrical image of S lie on the screen AP 
(z.e. if the screen is in correct focus) b/=W and the last 
term disappears. 

If, however, the screen be out of focus 1/b’ is not equal to 
1/W, and the term in 2?+y? may be comparable with the 
two others, if 6! be not very great compared with ), Thus 
we see that appearances out of focus will introduce expres- 
sions of the same kind as those which occur when no lenses 
are used. 

We will, however, only consider the case where the screen 
isin focus. Let —uand —v be the coordinates of the geome- 
trical image of S ; then 


u/b=U/W, v/b=V/W. 
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The difference of retardation measured by length in air is 
therefore of the form . 


ae 
PIQ—SQ=const. +? T*a+ uy. 


Hence the total disturbance at P (integrating over the two 
slits) is given by the expression 


atk oh 
A : AM ie qtv 
= ~~ a + 
D= jx | yf desin 5 ae - b vy) 
a—k —h 


—a+k h 
A _ 2r/rAt . p+u qt+v ) 
+i a ( desin (+ h at+—y), 
-—a—k —h 
where A=a constant, 


2a= distance between centres of slits, 
2k=breadth of either slit, 
2h=length of either slit. 


This, being integrated out, gives 


~ 2AbA Ry se eos 2rqtyv * 2rgte, ss 
Tp Tug 20) a oe De eee b> @ 


whence the intensity of light 


i 4A?D*r? 9 27a nGak . 9 25h 
Hp tuq+o? cos? ine (¢ +») sin? ie (q+v) si (ptu 
This may be written 
2a/ 
64A2h? Dea sin? —— Thy +v) sin? a ae +u) 


2,2 COS (q+v 3° 
br bn \¢ . (q+) = a) 


This gives fringes parallel to « and y: k being very small 
compared with a, the quick variation term in v is 


Qa 
cos? —— — (q+v). 
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Consider the other two factors, namely ; 


5 hls 5 bal 
227k . 
sates 5 \ (q+) = sin? ne (p+u) . 
Qark es : (2 h 2 
Ty ate) } {ix (pt™) 


1n2 
If we draw the curve y= (see fig. 2), we see that 


these factors are only sensible, and therefore their product is 
only sensible, for values of p+wu and q+v which are numeri- 
cally less than bA/2h and bA/2k respectively. 


Fig. 2. 


-3Ir <2 1 O T er St 


Hence the intensity becomes very small outside a rectangle 
whose centre is the geometrical image and whose vertical 
and horizontal sides are bA/k and bA/h respectively. 

This rectangle I shall refer to as the “ visible ” rectangle of 
the source. 

Inside this rectangle are a number of fringes, the dark 
lines being given by 

_ ant+1 


Ocitesrne br 


and the bright ones by g+v=nba/2a. 
The successive maximum and minimum intensities do not 


vary with a. Hence, what Mr. Michelson calls the measure 
of visibility of the fringes, namely the quantity 

I,-I, 

I, +1,’ 
where I,, I, are successive maximum and minimum intensities, 


does not vary with the distance between the slits. The only 
effect of varying the latter is to make the fringes close up or 
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open out. Hence for a point-source of light the fringes 
cannot be made to practically disappear. 

3. Consider now two point-sources of light whose geo- 
metrical images are J, Jo, and draw their visible rectangles 


fig. 3). 
(8g: 2) Fig. 3. 


To get the resultant intensity we have to add the in- 
tensities at every point due to each source separately. 

Then it may be easily seen that the following are the 
phenomena observed in the three cases shown in fig. 3:— 

(1) The two sets of fringes distinct. Consequently no 
motion of the slits can destroy the fringes. In this case, 
however, the eye can at once distinguish between the two 
sources and Michelson’s method is unnecessary. 

(2) Partial superposition : the greatest effect is round the 
point K, where the intensities due to the two sources are 
very nearly equal. If v’—v be the distance between J, and 
J, measured perpendicularly to the slits, so that (v’—v)/b is 
the difference of altitude of the two stars when the slits are 
horizontal, then over the common area the fringe system is 
(a) intensified if v’—v be an even multiple of bd/4a, (6) 
weakened, or even destroyed, if v’—v be an odd multiple of 
br/4a. For in case (a) the maxima of one system are super- 
posed upon the maxima of the other, while in case (6) the 
maxima of the one are superposed upon the minima of the 
other. This common area, however, will contain only com- 
paratively faint fringes, the more distinct ones round the 
centres remaining unaffected. We may suppose case (2) to 
occur whenever the centre of either rectangle lies outside the 
other, ¢. e. whenever v'—v> baA/2k, u! —u>bnr/2h, wu! —u being 
the horizontal distance between J, and Jy. 
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(3) Almost complete superposition of the visible rectangles. 
The fringes of high intensity are now affected. These are 
destroyed or weakened whenever a is an odd multiple of 
br/4(v'—v), provided that the intensity of one source be not 
small compared with that of the other. 

Case (3) may be taken to occur when v/—v<baA/2k and 
uw! —u<br/2h. 

The smallest value of a for which the fringes disappear is 
br/4(v’—v). 

If v’—v be very small, this may give a large value of a. 

Now a double star ceases to be resolved by a telescope of 
aperture 27 if (v’—v)/b~ 2/27, and when this relation holds 
the smallest value of a for which the fringes disappear is not 
less than 7/2, which is the greatest separation of the slits 
which can conveniently be used. Hence the method ceases 
to be available precisely at the moment when it is most 
needed. 

4, Mr. Michelson, in the paper quoted above, noticed this 
difficulty, and described an apparatus by means of which the 
effective aperture of the telescope could be indefinitely 
increased. He has not shown, however, that the expression 
for the disturbance remains of the same form, to the order of 
approximation taken, and he has made no attempt to work 
out the results when the slit is taken of finite width, as it 
should be. 

In his paper Mr. Michelson describes two kinds of appa- 
ratus. I shall confine my attention to the second one, as 
being somewhat more symmetrical. 

So far as I can gather from Mr. Michelson’s description, 
the instrument consists primarily of a system of three mirrors 
a, b,¢ and two strips of glass e,d (fig. 4). The mirrors a and 
b are parallel, and ¢, d, e are parallel. Light from a point P 
in one slit is reflected at Q and R by the mirrors a and 8, is 
refracted through the strip e, and finally emerges parallel to 
its original direction as TU. Light from a point P’ in the 
other slit is refracted through the strip d, and reflected at S’ 
and TY’ by the strips e and c. 

I may notice in passing that the strip ¢ should be half 
silvered, but not at the back, for if the ray S/T’ is allowed to 
penetrate inside the strip and emerge after two refractions 
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and one reflexion, not only is a change of phase introduced, 
owing to the path in the glass, which complicates the analysis, 
but the conditions of reflexion, which should be the same for 
all four mirrors, are altered, and this changes the intensities 
of the two streams. We shall see afterwards that this silver- 
ing can be done without impeding the passage of the trans- 
mitted stream, as it will turn out that the two streams must 
be kept separate. 


Fig. 4. 


Suppose then that a plane wave of light whose front is 
M M’ is incident upon the diaphragm. Let us break the wave 
up, as is usual, in the plane of the diaphragm. Let Z bea 
point on the screen whose cordinates are (p, g) at which the 
intensity of light is required. 

Then if C be the centre of the object-glass, the direction in 
which rays TU, T’ U’ must proceed in order to converge to 
Z after refraction is parallel to C Z. 

Hence PQ, RS, TU, P’Q’, R’S’, T’U' are all parallel to CZ, 


and the direction-cosines of CZ are 


p q b 
Vie gah? Sptga? Veapah 
I shall assume that the strips e and d are cut from the same 
plate and are of equal thickness. This will sensibly simplify 
the analysis, though, as I think, it would not materially influ- 
ence the appearances if the strips were unequal. 
If, however, we suppose them equal, we may neglect the 
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presence of strips, as far as refraction is concerned, since 
clearly the retardation introduced is the same for all parallel 
rays. 

If now UU' be a plane perpendicular to CZ, then, since we 
know that rays parallel to TU, T’U’ converge to a focus at Z, 
the only parts of the paths of the rays which can introduce a 
difference of phase are 


MP+PQ+QR+RS-+TU for one stream, 
WP'+ P/Q'+ RIS'+ S'T!+T'U' for the other stream. 


Produce PQ, P’Q’ to meet it in V and V’ and let N, N’ be 
the feet of the perpendiculars from R and 8’ on PQ, T'U! 
respectively. 

Thus we may take the change of phase as due to the 
retardation 

(MP+PV) + (NQ+QR) 
for diffraction at one slit, and to the retardation 
(MP! + P'V') +(S'T +'T'N’) 
for rays proceeding from the other slit. 

The terms in the first brackets give us the expression which 

we had before, viz. :— 


—(2**) L— (45*) y + const. 


As to the other terms 


NQ+QR=QR (1+ cos 24) =a aoe wae cos ¢, 
where @ is the distance between the mirrors a, } and ¢ is the 
angle of incidence of any ray on these mirrors. 

Similarly S’T'+T’N'=28 cos w, where 8 is the distance 
between eand cand wf the angle of incidence of any ray 
upon e¢ and e¢. 

Now if the mirrors a and 0 are inclined to the plane of the 
diaphragm at an angle @, c, d, ¢ at an angle (—@), then 


qsin 6+4 cos 0 
VP +e +e 
Ane —qsin 0'+6 cos & 


Vp t+ Pere 
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To find the disturbance at Z we have 


atk +h 
NO TNE PAO ee ) 
(ay aw; ede Pee ° y—2a cos d 
a—k —h 
—atk +h P 9 | 
amt | ptu ie , 
+ (ay farrs sinx (— + i a+ y—28 cos p | 
—a-—k —h 


which, on being integrated, gives 


ay Baeee ae aC ers k sin ne h sin ie € }COS 
where —6-Y== aa 28 cos vr, ie cos dy 
whence e=a cos 6+B cosy, 

o+q 


ioe, a+ cos—acos $. 


Hence the intensity I of light at (p, g) is 
4A?6?)? gine eTItv, « .arptu gly 
m(p+tu(q+v)? Wee ede as eae a 
v+q Boos @'—2a cos 0 (8 sin 6 +a sin 0) 
= + a 
where y , VPa pak ie re q- 


In the last term we may put eae ie for if we went 
toa higher approximation, we should introduce cubes of p/d, 
g/b which we have hitherto neglected. 

If, further, we make 8 cos 6’=a cos 8, which can always be 
managed without difficulty, the second term, which would 
contain squares on expansion, disappears and we have 


_(v+q)a—(Bsin 6 +asin 0)¢ 

pS b 

={va+q(a— (8 sin & +2 sin @) )) $70. 
This gives fringes of breadth 6\/2(a—(8 sin ee sin Be 
These may be >on from the bright fringe y=0 ; 


—va 


10 G—(B sin Ota sin 6)" 
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The visibility of the fringes for a single source will, as before, 
not be affected by changing a: for a second source the origin 
of the fringes is given by 

qo =—va/(a—{Bsin & +asin Ot), 
and if the visible rectangles overlap, there will be a sensible 
diminution of the fringe appearance whenever 

qo— Jo =(n+3) br/2$ a—(8sin 0’ + «sin 6) ; 

where n is an integer; 
t.€. v’ —v=an odd multiple of br/4a, 


the condition previously found. 

One further point should be noticed : if a be very nearly 
equal to 8 sin 6’+ asin 6 the fringes become too broad to be 
observed, whatever the source may be. 


Fig. 5. 


pain * 


To see the physical meaning of this condition, and also of 
the condition 8 cos 6’ =a cos 8, we notice that a point source 
of light P at the centre of one of the slits appears after re- 
flexion at the two mirrors a, 6, to be atp, where Pp is equal to 
twice the distance between the mirrors and is perpendicular 
to their plane (fig. 5). Hence the double reflexion removes the 
image of the slit a distance 2a cos # behind the diaphragm and 
2a sin 6 closer to the centre. In the same way the image of 
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the other slit is brought 28 cos 6! behind the diaphragm and 
28 sin 6 nearer the centre. : 

Our condition 8 cos 6’ =a cos @ therefore means that the 
images of the two slits must be in the same plane parallel to 
the plane of the diaphragm itself, and our second condition 
shows that they must be some distance apart. 

To find the minimum of this distance, remember that the 
fringes will be invisible if the distance between successive 
maxima exceeds the vertical dimension of the visible rect- 
angle: in other words, if 


br/2(a—(8 sin & +a sin @)) > bA/k, 
or distance in question <h, 


which means that the centre of the image of either slit must 
be outside the other. ‘These two points must be carefully 
borne in mind in adjusting the instruments. 

When this, however, is done, we see that Michelson’s 
assertions are confirmed, and that when we increase the 
aperture of the telescope in this way, the results obtained are 
of the same character as when the slits are placed directly in 
front of the object-glass. 

5. Let us now proceed to consider an extended source, 
which we shall suppose for simplicity to be of uniform 
intensity. 

The intensity at a point (p, g) on the screen will be of the 
form 


2ark(qg +) gin 2™e(P t+) ¥? 


sin - 


647k? bn bn » 2ra(q a v) 
br? dak q+) ) i i (p+u) ) mad Ur 
br br 


the integral being taken all over the geometrical image of 
the extended source. 
We have now three cases to consider. 


(a) When the angular dimensions of the source are large 
compared with X/h. 


(b) When the angular dimensions of the source are small 
compared with A/h. 


(c) When the angular dimensions of the source are 
neither large nor small compared with d/h. 


du di 
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Let us begin with case (a). Then, if we consider a point 
inside the geometrical image, the two limits for u will be very 
large, except where the vertical through the point cuts the 
image ; the quantity 

. 2rh(p+u)y? 
ar 

2arh(p+u) 
aa ae 


being insensible for all points outside a thin strip (shaded in 
the figure) having for its central line the line through p, ¢ 
perpendicular to the slits. 

We may therefore, in integrating with regard to wu, replace 
the limits by +o, and then integrate with regard to v along 
the chord of the image perpendicular to the slits. 


Fig. 6. 


Hence, remembering that 


© sin?z 


2 dz=mT, 


—oO 


it follows that 


ame 


g] 2nk, + yi c 
POT on a ames he aul | 
= br 


br Qark 
9 t°) | 


VOL. XVI. 2K 


cos? (q+) dv. 


I 
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Now if the angular dimensions of the source of light be 
large compared with /k, the limits of integration with regard 
to v may be made infinite. In this case the mes I 


2), 7-2 
=| ew taint 7 (a+ k)(q-+0)+sin? 2 (ak) (q+0) 


Qk, 2ark(q+v)\? 
a 2 oe (| eae 
mie a <=“ (q+v) +2sin a ‘(q+v)}- ( DX ) 


4A%h +0 gin? x 
= Peto +e —2a 2a} f - de | 


= 8A*hk = constant. 

This result shows us that if the dimensions of the source 
exceed a certain limit, no diffraction-fringes exist at all, at least 
near the centre of the image. Next let the angular dimensions 


s Be source be less than oy then throughout the integration 


amE Cg +») ) is less than 7/6 numerically. 
ae 


: qT 
sin 6 9 


7/36 7 
and differs but little from unity. 
We may therefore in this case write 


throughout the range of integration. 
If now the limits be v, and v, we have 


32 A2hk? (% , ; 
I= { (444 cos AU +9)) gp 


aN 
_ 4A2AK? (1 _ Atra(qtv))\ ,(42a(q+v) 
Sa c(t Se heey 
AA2hKk? ( dara , Fi es 
ee Ree aI) 


igi 2 sin 


_ SARK ee 277a(¥;— V2) Arra(g+4(v, +0.) 
Doe | oS 


bn 
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Let 2e=length of chord through the point perpendicular to 
the direction of the slits, then 
2c=V1— V2, 
and let y=coordinate of the mid-point of this chord. Then 


_ SA*hK? ¢dorac |. Amac — 4era(q+%) 
eo ee 


The fringes therefore disappear when 


Atrac _ 
peta at 
Their visibility is 
Atrac | 4rac 
sin 


“ox | OR? 

and is a maximum when 
Amac _ ies Amrac . 
Bia ee Boek 


but the most visible fringes correspond to the early maxima. 

This form agrees exactly with the formula given by 
Mr. Michelson for a uniformly illuminated segment of a 
straight line perpendicular to the slits. We see, however, 
that, provided the conditions stated be fulfilled, it is applicable 
to a source of any shape. 

The most general form of the fringes is given by 

g+4(v4+v,)=const., 

and therefore consists of lines parallel to the locus of middle 
points of chords at right angles to the slits. These will be 
straight lines in the case of a rectangular, circular, or elliptic 
source. Here, however, a new difficulty presents itself. For 
the rectangular source v;—v, will be constant, whatever chord 
perpendicular to the slits we may select. Fringes will there- 
fore appear and disappear as a whole. 

But for a circular or elliptic source, v;—v, varies as we 
pass from chord to chord. Thus the maxima will be invisible 
for some chords when they are most visible for others and 
conversely. Hence, whatever be the distance between the 
slits, it appears at first as if we might always expect a mottled 
appearance. . 


But in the case of a circular or elliptic source the length of 
2K 2 
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the chord varies extremely slowly near the centre and there 
fringes will be visible, the length of the chord being prac- 
tically constant. The mottled appearance, on the other hand, 
will predominate as we approach the sides. 

6. Consider now case (b) and let the dimensions of the 
source be so small that, for any point sufficiently close to the 


2rh(p+u) . 


centre of the image bX isa small angle throughout 


the range of integration. 

[For points not near the centre of the image the illumina- 
tion will be very small and the appearances are comparatively 
unimportant. | 


For a point distant < “ from the centre of the image, we 


may put, as in previous reasoning, 


2arh 2 


. 2ark F 
sin 5 (9+?) sin Hr (Pt) 


2ark Qrh 
pr (7+?) Fy (Pp +4) 


a | 


all over the range of integration, whence 


32 A2k2h? 4ra(qg+ 
I= eae + cosamatgt9)) dudw 


32 A2k2h? 
= : (2+ e0s4 | u COs ary dv—sin ae usin sas 


~ (2 by bv 


a (0 +Reos (me + $)) 


where OQ =total area of the image, 


Array Arrav 


R cos p= Yu cos PA dv, Rsing=\wsin Ry 


dv, 


the integrals being taken all over the image. The visibility 
= R/O and therefore vanishes when R vanishes. 
In the case of a circular source we find 


$=0, R= (some non-vanishing factor), J, 


— 
bn 2? 
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where J, is the Bessel’s function of order unity and 7 is the 
radius of the image, so that 7/b is the angular radius of the 
source. The dark fringes are given by 


= (2s+1)z, 


g being measured from the centre of the source. The fringes 
are parallel to the slits and disappear whenever 


This result agrees with the one given by Michelson for 
any circular source. We see that it only holds provided 
the dimensions of the source do not exceed a certain 
limit. 

In the case of an elliptic source $=0 also, and R is not 
altered by any sliding of the image parallel to the direction 
of the slits. Hence we may replace the oblique ellipse by 
one having its principal axis parallel and perpendicular to the 
slits, the values of the semi-axes being d and w, where d= 
length of semi-diameter of original image parallel to the slits, 
@=length of perpendicular from the centre upon the parallel 
tangent. We find without difficulty : 


R= {eos = udv over the image 


ee 5 Ama do ON Arras 

=4{ ove v* cos dv= 9 ae Dr 
bn Arran 
=(sraa) (x) 


The visibility is therefore 


2 J; (4) ie Anan 


and vanishes whenever 


Aran 
I ( iN )=0. 

Hence we see that, for an elliptic source, if p=length of semi- 

diameter perpendicular to the slits, «=length of perpendicular 

on the tangent parallel to the slits, then the fringes disappear 
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when sin ara? 9, if the angular dimensions are of order 
a as indicated above, and when J, (7 =(0, when the 
12k ‘ike t bn 
angular dimensions are less than DE 

In the first case pis the quantity which determines the 
disappearance of the fringes, in the second case #: and 
further, we see that the validity-of the formule is entirely 
dependent on the length and breadth of the slit, neither of 
which is considered by Mr. Michelson. 

We may notice that the best results are obtained, in the 
first case when A is large, in the second case when h is small. 

7. It remains to consider the intermediate case (¢). This 
does not perhaps present so much interest as the other two ; 
the first will generally correspond to the case of a planet, the 
second to that of a star, in astronomical observations. 

In dealing with case (c) we shall suppose the angular 
dimensions to be small, with regard to A/k, but not with 
regard to A/h. We may then write 


64 A212? 


br bn 2 
aoe g *ragt oe 


Qak(qg+v) ° Qh (p+u) ey? Dn 
On bn 


Q 
\\ aes 2ak(q+v) et 2rh(p+u) 


iy sine 
mS (4 br 4tra(q+v) 
aepens \ 2arh 2) (1 es br aude, 
br 


if we only consider the appearances along the line p=0, taken 
to pass through the centre of the image, which is assumed 
circular or elliptic.* 


_ Dark 
Denoting — by # and expanding, we get 


«2 oahu uh 2(r—1) 
Dn 2p 2? (1) oon 
=1-} (-])  @pu) 
gz) pe Be! evo raiy) 


* In the case of the elliptic source, the line is not, strictly speaking, 
p=0, but is the diameter conjugate to the direction of the slits, and the 
same formula holds. 
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whence 


Cra 2(r—1) 
eee (( 1 (2u)Pu! (—1) (2p) 5 ) 
Me ae paar Yo, Git 


where { sin?wu 
| K=|| Lt ade 
hou 
len all over the source, and is essentially positive and in- 
dependent of @ and g. 
Now 


for a circle or ellipse. 
To find the cosine integral, C, we have, d and a having 
the same meaning as before, 


Put v=@a cos 6. 


wT 


a Acraca 
C=4d?-1 = | sin” 6 cos cos 2) dé 
ay 


2d 52" T(r + 4) j ieee) 


ae "\ bar 
(Am 
2d" en(Qr—1)! "Nb, 
~~ Or=l (r—1)! A4traa\" 
bx 
Hence : 
2r—2 


Aah J =n) 
= B2A717 ) ogg Amag tle aa 2nd 2nd o(—1) 1) mar x) i br | 


622 A a rae 4Tran r(2r—1) 27-3 (r—1)! 
es) 
r—1 
ees J (a= 
Qp2y.2 raw bx Ne TPN 
ee K + 2cos Let eat var ESM) eet <——— \- 


br (22 Pe: [ Srawa (7! (2r—1) 
br 
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Denote by © the total area of the image and by e the ratio 
(7%) (= sk 
Then the visibility 


_ 20, 1 5 me) <5 Arras 
=" dpae | Ne 6 les t 


br | 
ip ef ttl | 
Hh) rah Vere a | 


The series for the visibility is absolutely ra 
because Jn4i(z)/J,(e) decreases numerically without limit 
as n increases without limit. 

The roots of the equation | 


ih (3=")- < Jae) + Let(—)r on TOD rT (7x) + “ = 


give the values of a for which the ee vanishes. 

Notice, however, that e contains d and the length of the 
slit, so that the values obtained for a will be functions of 
the horizontal diameter and of the length of the slit. 

8. Besides enabling us to determine the angular distance 

| 
| 


of two point-sources and the radius of an extended source, 
Mr. Michelson’s method allows us to detect and measure the 
ellipticity of a luminous disk. 

Referring to the formule for cases (a) and (6), the visibility 
vanishes when 


. 4a : 
sin = 0 in case (a), 
and when 
J. (2 = 0 in case (6). 


In either of these cases, if we rotate the slits about the axis 
of the telescope, without altering a, then if the source is 
elliptic, p and @ will vary, and the visibility of the fringes 
will vary. 

Now suppose for a given position of the slits we vary a 
until the visibility=0 for that position, and then rotate the 
slits and note the different inclinations for which it vanishes. 

It will certainly vanish once again before a complete half- 
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_ turn has been made, namely, when the slits make an angle 
with the direction of either axis of the ellipse equal to that 
which they made at first, but on the other side of the axis. 

It may vanish more than once, but since the inclinations 
for which it vanishes are symmetrical with regard to the 
axes of the ellipse, there will usually be no difficulty in deter- 
mining the directions of the axes. 

Their lengths can then be determined by two observations 
of the disappearance of the fringes, one for each of the two 
positions of the slits which are perpendicular to an axis. 

It must, however, be noticed that the accuracy of this 
method for measuring ellipticity decreases with the size of 
the source, inasmuch as the quantity which causes the altera- 
tion in the fringes is the difference, not the ratio of the semi- 
axes. 

To get some idea of the sensitiveness of the method, let us 
estimate roughly the amount of ellipticity which could be 
detected in a disk of angular semi-diameter 10”, taking the 
mean wave-length of light *5 x 10-* cms. 


The visibility vanishes when sin ae = 0, and will be 
Brae F 
quite sensible when sin = = say. Hence in order that 


we may be able to note a sensible difference of visibility in 
the fringes, we must have 


Ama (py—p2\ _ 7 ens: 
x (Fee) ae at least ; 


or 
ala 
2 108 


Ris Pee: 
, = 


if a be a little above 4 cms. 

.. difference of angular semi-axes =*01 (semi-diameter) 
g-p-, or the amount of ellipticity which can be detected =:01. 
A4rrap 

on 
this example will clearly fall under case (a). 

9. Summing up the results obtained we see that :— 

(1) Itis possible by the observation of Michelson’s interfer- 
ence-fringes to separate a double point-source, or detect 
breadth and ellipticity in a slightly extended source. 


Thave taken sin = 0 as giving zero visibility, because 
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(2) But the distance between the two points, or the dimen- 
sions of the extended source, must: lie within certain limits 
depending on the length and breadth of the slits *. 

(3) The dimensions of the slits also considerably affect the 
general theory, the formule obtained not being identical with 
Michelson’s. The law of appearance and disappearance of 
the fringes depends very largely on the distance between 
the points or the dimensions of the extended source. 


DISCUSSION. 


Prof. S. P. THompson asked what was the minimum width 
of slit with which the author had found it practicable to 
work. 

In reply, the AuTHOR said that with monochromatic light 
the minimum width he was able to use with his telescope was 
about half a millimetre. 


* Since the above was read, a paper has appeared in the Comptes 
Rendus de 1 Académie~des Sciences for Noy. 28, 1898, dealing with the 
modifications in Michelson’s formule when we take into account the 
breadth of the slits. The author, M. Hamy, follows Michelson in not 
considering variations of intensity parallel to the slits. This, I think, 
accounts for his results not quite agreeing with mine. 


RESISTANCE OF WIRE TO OSCILLATORY DISCHARGE. 409 


XXXIX. The Equivalent Resistance and Inductance of a 
Wire to an Oscillatory Discharge. By Epwin H. Barton, 
DSe., FRSE., Senior Lecturer in Physics, University 
College, Narnia. 


In an article in the Philosophical : Magazine for May 1886f, 
Lord Rayleigh, whilst greatly extending Maxwell’s treatment 
of the Pcinduction of cylindrical conductors, confined the 
discussion of alternating currents to those which followed 
the harmonic law with constant amplitude. The object of 
the present note is to slightly modify the analysis so as to 
include also the decaying periodic currents obtained in dis- 
charging a condenser and the case of the damped trains of 
high-frequency waves generated by a Hertzian oscillator and 
now so often dealt with experimentally. In fact, it was 
while recently working with the latter that the necessity of 
attacking this problem occurred to me. 

Résumé of previous Theories—To make this paper in- 
telligible without repeated references to both Maxwell and 
Rayleigh, it may be well to explain again the notation used 
and sketch the line of argument followed. 

The conducting wire is supposed to be a straight cylinder 
of radius a, the return wire being at a considerable distance. 
The vector potential, H, the density of the current, w, and 
the “electromotive force at any point” may thus be con- 
sidered as functions of two variables only, viz., the time, ¢, 
and the distance, 7, from the axis of the wire. The total 
current, C, through the section of the wire, and the total 
electromotive force, E, acting round the circuit, are the 
variables whose relation is to be found. It is assumed that 


H=S84+7)+Ty'+ .0.. +77", «. . (YY 


where 8, To, T;, &c., are functions of the time. A relation 
between the T’s is next established so that the subscripts are 
replaced by coefficients. The value of H at the surface of the 


* Read January 27, 1899. 
+ “On the Self-Induction and Resistance of Straight Conductors.” 
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wire is equated to AC, where A is a constant. This leads to 
Maxwell’s equation (13) of art. 690.. The magnetic permea- 
bility, w, of the wire, which Maxwell had treated as unity, 1s 
now introduced by Lord Rayleigh, who thus obtains in place 
of Maxwell’s (14) and (15) the following equations :— 
Tee Qed na ae 1, 
wo=— (an x Toe GF bes AES) aT dt” se ) a 


- Che apa amy” = dT ) 
ACHS=T4an 7 + 7 9de |e. 4 ose ee 
where a, equal to //R, represents the conductivity (for steady 
currents) of unit length of the wire. 

By writing 
a a” 
Pe) ol Tie ATS ali ails ha aia 
equations (2) and (3) are then transformed as follows : 


ate dt a ‘) dT 


deter 5 


di di ue cop ree mere enn) 
& hev? adn dis 
= ag! ( ay 5). ry oe 
we have further 
E aS 
JHA Sent ane a 


Lord Rayleigh then applies equations (5), (6), and (7) to 
sustained periodic currents following the harmonic law, where 
all the functions are proportional to ¢”*, and obtains 
E=R'0+iLC, eee ee.) 
R’ and L’ denoting the effective resistance and inductance 
respectively to the currents in question. The values of R/ 
and L’ are expressed in the form of infinite series. For high 
frequencies, however, they are put also in a finite form, 


since, when p is very great, equation (4) reduces analytically 
to 


o@)=7——, 2 5 Sit UWA) 


* AC is printed here in Phil. Mag., May 1886, p. 387; but appears to 


be a sli ANS 
e a slip for 7 
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$(2) 
LENE 10 
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Equivalent Resistance and Inductance for Oscillatory Dis- 
charges.—To effect the object of this paper we must now 
apply equations (5), (6), and (7) to the case of logarithmically- 
damped alternating currents where all the functions are 
proportional to e¢—#, 

The value of E so obtained must then be separated into 
real and imaginary parts as in (8), and then, together with 
the imaginary quantities, must be collected a proportionate 
part of the real ones so as to exhibit the result in the form 

H=R’C+ ((—k)pL’C. (11) 

The quantities denoted by R” and L’” in this equation will 
then represent what may be called the equivalent resistance 
and inductance of length / of the wire to the damped periodic 
currents under discussion. For, the operand being now 
eé-Hprt, the time differentiator produces (¢—k)p, and not ip 
simply as in equation (8) for the sustained harmonic currents. 


Thus (5), (6), and (7), on elimination of §, J, and e give 


hoa Pe Vena kpap.) Md 
Now we have 
O(a). & "sleet ca Ms x . 1B 
LUG ie ae Og Ee a ue) 
thus 
#(ipay—kpau) 
' (ipaps —kpap) 
—k? ,. k(3—k? 1—6k? + k* 
=1—thkpayt+ ae pata + ( 7 yee 180 pra i ape 
; ke ise ciel eee 
tid tpt r =~ pray? — Z8 paw — C 180 pra. ae F 


Hence, substituting (14) in (12) and collecting the terms 


as in (11), we find that 


1+ k(1 +k?) 1—2k?—3k* , 
—=1+ 57 ——— rat? + He atu — 7 age aA soos 


(15) 
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and \ 

ij 1-3 , k(1—k? 
4 aA+ Joep + © pat pe? — 1 BE tata — SOE phat fone | | 
or 


k — 3k? vies a, 
Lt'=1[ A+u(}+ poe — Wa ee jr pap .. | 


Putting k=0 in these equations and denoting by single- | 
dashed letters the corresponding values of the resistance and 


inductance, we have 
Res Le sta t ; 
Raitt — jag ae: sty (Lp 
and | 
ei on sya 


which are Lord Rayleigh’s well-known formule * for periodic 
currents of constant amplitude. 

By taking the differences of the resistances and inductances 
with damping and without, we have at once 


and 
IY L= k kK? Per Tae 
~ = Tn Dawe Pree elm ets 9o eee 


These show that if the frequency is such that a few terms 
sufficiently represent the value of the series, then both resist- 
ance and inductance are increased by the damping. 

High-Frequency Discharges.—Passing now to cases where 
p is very great, as in the wave-trains in or induced by a 
Hertzian primary oscillator, we have from equation (10), 


P(ipaw—kpapw) _ 
$' (ipape— kpap,) 


= V(i—k)pap=(paps)? aC cos +sin _. (21) 
where s= V71+42 and cot 0=h. 


* Equations (19) and (20), p. 387, loc. cit. 
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On substituting this value of ¢/¢/ in equation (12) and 
collecting as before, we obtain the solution sought, viz.: 


aD Oa ra epee 
RG= (ajuprs*)? cos oak (¢— k)p( aA + V apus/p cos 5) (22) 


whence Re ne 6 
= (aups*)? cosz; ecm, (2a) 


If 
and “s =aA + (aps/p)3 cosy 


or w=i[a+(2) cos 5 | : 


Discussion of the Results for High Frequencies. 


. (24) 


On putting £=0, in equations (23) and (24), to reduce to 
the case of sustained simple harmonic waves, s=1, =F 


whence, denoting by single dashes these special values of R!’ 


and L’”’, we obtain 
! 


R —— 
ar WV sap ; sw Rer cs 6 6 (25) 


and (a py fire 
Li=l{ A+ IE pee (26) 


which are Lord Rayleigh’s high-frequency formulz*. 
Referring again to equations (23) and (24), we see that 
for a given value of p, if k varies from 0 to «, the factor 
involving s increases without limit while that involving 6 
increases to unity. Hence, with increasing damping, it 
appears that R” and L’ each increase also, while ever the 
equations remain applicable. Now an infinite value of & 
involves zero frequencyt. And a certain large, though 
finite, value of k would prevent the frequency being classed as 


« high.” 


* Equations (26) and (27), p. 390, doc. cit. 

+ This follows from the fact that electric currents or waves generated 
by an oscillatory discharge may be represented by e—?* cos pt, in which 
kp is finite, so k is infinite only when p is zero. 
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Dividing equation (23) by (25) gives 


Hr = (28%) cosy =K Bay. cae ee) 
Thus, for a given value of h, the ratio R’’/R’ is independent 
of the frequency of the waves. It is therefore convenient to 
deal with K a function of & only, rather than with R”/R 
which is a function of p also. 
Differentiating to k, we have 


Oo 50 
ran 3k cosy + sin 5 
Le Vs i 
which is positive for all values of & from 0 to «, hence K 
increases continuously with k. For k=0, this becomes 


(28) 


dK he a Agel cm 
(a ous Vin ° . ° ° ( ) 


which assists in plotting K as a function of &. 
Differentiating again, we obtain 
a 
oe = gi { (1488) cos 4 2k sin5} . (80) 

Since this expression is positive for all values of k from 0 
to «©, we see that K plotted as a function of & is a curve 
which is always convex to the axis of k. Thus the nature of 
R"/R’ as a function of k is sufficiently determined. 

Pairs of corresponding values of K and & for a few typical 
cases are shown in the accompanying table, and part of the 
curve coordinating them is given in fig.1. Itis not necessary 
to plot much of the curve, as only a small part of it can 
apply to any actual case. For, although * may have any 
positive value up to %, the high values of h, as already men- 
tioned, correspond to low values of p and so exclude them 
from the application of the high-frequency formula. 
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Fig. 1.—Exhibiting graphically K= R'/R’ as a function of 
k, the damping factor. 


a 


Values of R''/R’, the ratio of equivalent resistances to wave-trains with damping and without. 


~ 
he 
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TABLE showing the values of K=R"/R’, the ratio of equiva- 
lent resistances to waves with damping and without. 


Subsidiary quantities involved. | Ratio of 
Damping Factor, | enistancnd 
k=cot 0. —R' RR. 
| 6/2. 8 =14h. Se / 
hea da én . 
0 | 45° . 1 | 1 | 
£=00798 42° 44! 1006362 «1-044 nearly 
us { | 
20-0955 | ~42° 16’ 100913 | =s«1054—, 
10x | / | 
= =01595 | 40° 28" 10S 07 
e | 
19319 =| ~~ 36° 9! 11018 12288 | 
= 
1 [eh 222.60" 2 | 2197 ,, 
2 | 48° 47" 5 | 4602 ,, | 
| | 
3 | 9° 13’ 10 780. .,, 


t 


Figure 2 shows the form of a wave-train for which k=1 
and K=2-7197. That is to say, in this extreme case where 
all the functions vary as e-?!, and the wave-train passing 
a given point of the wire is accordingly represented by 
e-?* cos pt, then the equivalent resistance is 2°197 times that 
which would obtain for simple harmonic waves uniformly 
sustained and of the same frequency. 

Figure 3 represents the form of the wave-trains generated 
and used in some recent experiments on attenuation*. In 


this case the value of k was approximately a2. or the 


logarithmic decrement per wave =2ark=0°6, and the corre- 
sponding value of K, the ratio of R’’/R’, is 1:054. Now in 
the experiments just referred to the frequency was 35 x 10° 
per second, and R’/R became 31°6. Hence R”/R has the 


4 


Attenuation of Electric Waves along a Line of Negligible Leakage,” 
Phil. Mag. Sept. 1898, pp. 206-305. 


Fig. 2,—Instantaneous Form of Wave-train for k=1, whence 
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Fig. 3.—Instantaneous Form of Wave-Train for k="3/m, whence 
R”’/R' = 1-054. 
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value 31°6 x 1:054=33'3 nearly. Thus, writing eae 2 ator 
the attenuator of the waves along the wires instead of 
* g-R'«?2Lv increases the index by about five anda half per cent., 
and so brings it by that amount nearer to the value ict 
mined experimentally. 


Uniy. Coll., Nottingham, 
Noy. 29, 1898. 


Discussion. 


Mr. Oxiver HeaviswE (communicated) .—I have in another 
way obtained the same number R’/R’=1-054, showing that 
the effective resistance given by Lord Rayleigh’s formula 
should be increased 5°4 per cent. when the impressed vibra- 
tions are damped to the extent Dr. Barton found in his 
experiments. This R” is what should take the place of the 
resistance per unit length of circuit in the factor e~®¥?™, 
showing the attenuation in transit of waves along the circuit. 
This R’, however, underestimates the resistance, because the 
formula is not valid right up to the wave front, but is what is 
tended to later on. But it does not seem likely that a com- 
plete reckoning of the effect of the variable resistance of the 
wires will make up the deficit of theory from observation. 
Some other causes of increased attenuation have been sug- 
gested. In addition it is even possible that the conductivity 
of copper to vibrations millions per second may be less than 
with steady currents, and that the voltage at the beginning 
of the wave-train may be large enough to cause some leakage. 

Both R” and L” go up to infinity with infinite increase in 
the damping. But the change in the inductance is quite 
insensible in the experiment. The inductance is sensibly 
that of the dielectric. 

As regards the meaning of R” and L”, they differ some- 
what from R’ and L’. aon we reduce the equation of 


voltage E= ZC to the form E= =(R"+ L”— 5)o both E and C 
being of the type e~* sin (nt +8), we ie the activity 


* See Equation (2) p. 301, Phil. Mag. Sept. 1898. 


~~ WEHNELT’S CURRENT-INTERRUPTER. 419 


equation 
EC=R’C?4+ =1L/C? 
Cano + Gh C 
and also 
ate aT 


where Q is the waste and T the magnetic energy. But the 
mean @ is not the same as the mean R’C?, nor the mean T 
the same as the mean 3L/’C?, save when a=0, or the vibra- 
tions are undamped. It is true, however (as I have investi- 
gated), that the mean Qe‘ and Te? are the same as the 
mean R”’C%e? and $1LC’e, so that if e?* does not change 
sensibly in a period, R” and L” are sensibly the effective 
resistance and inductance in the same sense as R/ and L/. 


KL. Exhibition and Description of Wehnelt’s Current- 
Interrupter. By A. A. CampBEeLL Swinton.* 


(Abstract. | 


A etass cell contains a large cylindrical negative electrode 
of lead, and a small positive electrode consisting of a platinum 
wire about } inch in length, in a solution of 1 part sulphuric 
acid to about 5 parts water. The platinum wire may project 
from the top of the shorter arm of a J-shaped ebonite tube, 
so that if can point upwards, immersed in the solution. Or 
it may be fused into a similar glass tube ; but glass is apt to 
crack in the subsequent heating. Wehnelt’s interrupter 
replaces the make-and-break apparatus of an induction-coil ; 
it also replaces the ordinary condenser of that apparatus. In 
its present form it requires rather a strong current. The 
resulting spark at the secondary terminals differs in character 
from the ordinary spark of an induction-coil ; it is almost 
unidirectional, and in air takes a A-form—bright, continuous, 
and inverted—somewhat like a pair of flaming swords rapidly 


* Read March 10, 1899. 
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crossing and re-crossing one another at their points. By 
blowing upon the discharge it breaks up, and then more 
nearly resembles the customary discharge of a coil. The 
sound emitted by the spark has a pitch that varies with the 
conditions of the circuit. As the self-induction of the circuit 
is diminished, the spark-pitch rises ; it becomes infinite when 
tke self-induction vanishes, 7. e., the Wehnelt interrupter will 
not work ina circuit devoid of self-induction. As the applied 
potential difference diminishes, the spark-pitch diminishes. 
In the author’s experiments 25 volts was the minimum 
primary voltage at which the apparatus would work. The 
spark-pitch also varies with the length of the platinum- 
wire electrode in the solution. If the circuit is closed by 
slowly dipping this electrode into the solution, the apparatus 
will not work ; the wire should be dipped in before closing 
the circuit, or at any rate immersed with considerable rapidity. 
After working for about a quarter of an hour the action 
often ceases ; this fatigue effect is not due to heating of the 
solution, for it is not obviated by keeping the temperature 
constant by a water-bath. It is supposed that the oxygen 
generated at the platinum electrode forms a more or less 
insulating film which interrupts the current until absorbed 
by the surrounding water. The fact that oxygen is more 
easily absorbed than hydrogen, may explain why it is neces- 
sary to connect the platinum electrode to the positive pole of 
the battery or dynamo. When the platinum electrode is 
dipped gradually into the solution, the wire gets red-hot, and 
the interruptions do not take place. Again, when the appa- 
ratus stops from fatigue the platinum gets red-hot. The 
action is further complicated by a series of small explosions, 
and by the formation of a kind of intermittent electric arc at 
the platinum electrode. The coil exhibited was connected to 
the 100-volt electric light mains at Burlington House ; in 
this case the potential difference at the terminals of the 
primary was 30 volts, and that across the interrupter 150 
volts—a total of 180 volts, showing the effect of self-induc- 
tion. For Réntgen-ray work the apparatus would be very 
effective, but unfortunately the sparks produce great heating, 
so that the terminals of the tubes are liable to be melted. 
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The author suggests that, as the sparks are more nearly 
continuous than ordinary discharges if used for producing 
Hertz waves, the trains of waves would follow one another 
at shorter intervals than those from the sparks at present 
employed. In fact it might eventually be possible in this 
way to obtain the almost absolutely continuous trains of 
waves that are necessary for proper syntony in wireless 
telegraphy. 


DIscussIon. 


The Presipent asked whether the self-induction of the 
primary coil was not sufficient of itself to form the induction 
factor in the impedance necessary for perfect working. He 
would like to know how the apparatus behaved when an 
alternating current was used. Did the secondary coil become 
damaged by over-heating? Did reversal of the current 
assist the recovery from the fatigued condition of the appa- 
ratus? The natural period of the circuit probably depended 
upon its capacity and its self-induction. There must un- 
doubtedly be some capacity at the surface of the platinum 
electrode in the liquid; this capacity might act with the 
auxiliary self-induction and the self-induction of the rest of 
the circuit in the orthodox way, and possibly there was 
automatic adjustment of resonance to the frequency of the 
interruptions, for instance, by variations of the capacity at 
the electrode. The heating effect when a wire was made to 
close a circuit with a liquid was discovered many years ago. 

Prof. G. M. Mincuin thought that the usefulness of the 
apparatus would be greatly increased if it could be made to 
work with less current. He had himself succeeded with an 
applied E.M.F. of 12 volts, but not with 10 volts. As a 
tentative experiment he had used a horizontal lead plate— 
with disastrous effect, for the apparatus went suddenly to 
pieces. Explosions were frequently obtained, but they were 
not attended with much real danger. Ina later and safer 
apparatus he used a platinum wire about 3? inch long, pro- 
jecting from a glass tube, around which the lead plate was bent. 
There appeared to be a definite depth of immersion of this wire, 
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at which the apparatus worked with minimum current. {n 
his apparatus this critical position was when half the wire was 
below the surface of the liquid, the other half projecting into 
the air. He attributed the fatigue to the presence of gas 
about the electrodes, for he observed that a mechanical tap 
to the base of the apparatus restored the working condition. 

Mr. Rontto AppLeyarD pointed out that the improved 
result at half immersion observed by Prof. Minchin, taken 
together with the phenomena described by Mr. Campbell 
Swinton as to the effect of dipping the electrodes into the 
solution, suggested that the liquid immediately around 
the submerged part of the wire was at some instants in the 
spheroidal state. The breaking-down of the spheroidal state 
would be facilitated by heat lost by the immersed part to 
the non-immersed part of the wire. The capacity for heat 
of the non-immersed part, and the degree of roughness or 
smoothness of the immersed part, would thus appear as factors 
in the explanation. No doubt the evolved gases were the 
primary cause of the interruption of current, but the wire 
having once become red-hot the spheroidal condition would 
introduce a further cause of electrical separation between the 
wire and the liquid. 

Prof. C. V. Boys asked whether it was the liquid or the 
electrodes that became fatigued. Experiments should be 
made to determine the effect of variations in the hydrostatic 
pressure around the platinum electrode. 

Mr. T. H. Biaxus.uy said that the rise of potential at the 
terminals of the interrupter proved that the arrangement 
possessed capacity. Such a rise of potential could not occur 
without there being capacity any more than it could without 
self-induction. 

Dr. D. K. Morris described experiments he had made 
with a Wehnelt interrupter, using a 1 kilowatt transformer 
with a transformation ratio of 4 to 5, intended for 10 amperes 
at 100 volts. The anode of the interrupter was designed to 
have an adjustable surface to correspond with the load on the 
secondary—a platinuin wire at the end of a copper wire could 
be projected more or less through the drawn-out lower end 
of a glass tube containing oil. The best results with the 
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interrupter were obtained with about 45 volts on the primary 
circuit. At this pressure, an average current of 1 ampere 
sufficed to give 125 (alternating) volts very steadily on the 
secondary, as measured by an electrostatic instrument. The 
“no-load” loss was thus only 45 watts. The secondary 
could then be loaded up with lamps, provided that the 
exposed surface of platinum wire was proportionately in- 
‘creased, The energy delivered to the lamps, however, was 
not at any load much greater than 45 per cent. of that taken 
from the mains. By connecting the interrupter with a con- 
denser of 4 microfarad capacity, the efficiency at small loads 
was increased to nearly 60 per cent. He had observed that 
the fatigue of the interrupter could be temporarily remedied 
by reversing the current. 

Mr. C. HE. 8. Puitures asked whether Mr. Campbell 
Swinton had tried other liquids than dilute sulphuric acid. 
So fur as his own experiments went, he had only obtained 
good results with that electrolyte. 

Mr. CampBeLL Swinton, in reply, said that with the 
apparatus arranged ina simple circuit, an alternating current 
applied to the primary of an induction-coil through a Wehnelt 
interrupter produced only about half the effect of the corre- 
sponding direct current—apparently only the currents in one 
direction got through. But if two interrupters were con- 
nected in parallel circuits, it was possible so to arrange them 
that one took one half and the other the second halt of the 
alternations. It might therefore be possible to design an induc- 
tion-coil with two primary windings to correspond to the two 
interrupters, so as to give an additive effect. The ten-inch 
induction-coil he had used had suffered no damage from the 
currents employed in the experiments exhibited; though he 
had used as much as 20 primary amperes, there was extremely 
little heating of the secondary. He could not with his appa- 
ratus restore the working condition by any mechanical 
disturbance of the interrupter when once the fatigue effects 
had set in to any marked extent. He had tried other liquids 
in place of the dilute sulphuric acid. Whilst a saturated 
solution of potassic bichromate gave fair results, strong 
hydrochloric acid would not work at all. 
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The Presmpent said he did not altogether agree with 
Mr. Campbell Swinton’s remarks as to the chances of being 
able to maintain electric oscillations, and so of improving 
Hertzian telegraphy, by the use of these interrupters. The 
rate of interruption with this apparatus was something like 
1000 per second, but the vibrations corresponding to Hertz 
waves were of the order 100,000 per second. The wave-trains 
from oscillations excited by the new interrupter would still 
be series of damped vibrations ; the amplitudes would not be 
maintained. It might be advantageous to have sparks follow- 
ing one another so rapidly, but he doubted it. For Hertzian 
telegraphy, the spark at the oscillator should ‘crackle’ ; to 
produce the best effect, the air about the oscillator should be 
in a non-conducting condition. 


PROCEEDINGS 
AT THE 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1898-99. 


February 26th, 1898. 
Meeting held in the Physical Laboratory of Eton College by 
invitation of the Rev. T. C. Porrzr. 


Saetrorp Bipwett, Esq., President, in the Chair. 


The following were elected Fellows of the Society :— 
Messrs. W. G. A. Bonp and F. M. Saxezsy. 


Mr. Porter read the following communications :— 
(1) Winter observations on the Shadow of the Peak of Tenerife, 


with a new method for measuring approximately the Diameter of 


the Earth. 


(2) A new Theory of Geysers. 
(8) A method of viewing Lantern Projections in Stereoscopic 


Relief. 


March 11th, 1898. 
Suretrorp Bipwett, Esq., President, in the Chair. 


The following were elected Fellows of the Society :-— 


Messrs. J, M. Davinson, C. V. Dryspaz, and J. H. Hows1, 
a 
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Prof, J. D. Evererr read a paper “ On Dynamical Hlustrations 


of certain Optical Phenomena.” 
Mr. R. A. Lenrenpr read a paper “ On the Properties of Liquid 


Mixtures.” 


March 25th, 1898. 
SueLrorp Bivwett, Esq., President, in the Chair. 


The following were elected Fellows of the Society :-— 
Messrs, H. Darwin, C. F. Greey, and J. H. Tuomson. 


Mr. A. A. C. Swinzon read a paper “ On the Circulation of the 
Residual Gaseous Matter in a Crookes Tube.” 

Mr. A. SransrieLp read a paper ‘On some Improvements in the 
Roberts-Austen Recording Pyrometer, and Notes on Thermoelectric 
Pyrometry.” 


April 22nd, 1898. 
Suxrtrorp Brpwett, Esq., President, in the Chair. 


The following were elected Fellows of the Society :— 
Prof. J. A. Ewine and Mr. 8. G. Srarine. 


The Rev. T. C. Porrzr communicated a paper “On a Method 
of viewing Newton’s Rings.” 

Prof. 8, P. Taompson exhibited a model Triphase Generator and 
Motor.” 


May 13th, 1898. 


SueLrorp BrnweExt, Esq., President, in the Chair, 


The following were elected Fellows of the Society :-— 
Messrs. L. Gastur and J. Sampson. 


Prof. Ayrton and Mr. Marner read a paper “On Galvyano- 
meters.—Part II.” 
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May 27th, 1898, 
SuetrorD Brower, Esq., President, in the Chair. 


The following were elected Fellows of the Society :— 
Messrs. F. W. Carrer and J. K. Moors. 


Mr. Evser and Mr, Burrur read a paper “On a Simple Inter- 
ference Method of Reducing Prismatic Spectra.” 

Mr. A. A. C. Swryron read a paper “On some further Experi- 
ments on the Circulation of the Residual Gaseous Matter in Crookes 
Tubes.” 


June 10th, 1898. 
SHrLForD Brpwett, Esq., President, in the Chair. 


Prof. S. P. Taompson exhibited and described a Model illustrating 
Prof. Max Meyer’s new Theory of Audition. 

Mr. Barron read a paper ‘“‘ On the Attenuation of Electric Waves 
along a Line of Negligible Leakage.” : 

Mr. A. Grirrirus read a paper “ On Diffusive Convection.” 


June 24th, 1898. 
Watrer Batty, Esq., Vice-President, in the Chair. 


The following was elected a Fellow of the Society :— 
Prof. Hugepnio SpMMOLA. 


Prof. Carus Wrirson exhibited an Apparatus illustrating the 
action of Two Coupled Electric Motors. 

Mr. J. Quick exhibited Weedon’s Expansion of Solids Apparatus. 

Dr, F. G. Dornan communicated a paper ‘On the Theory of 
the Hall Effect in a Binary Electrolyte.” 


October 28th, 1898. 
Saetrorp Brower, Esq., President, in the Chair. 
Mr. W. R. Pivceon read a paper on “ An Influence Machine.” 
Prof. 8. P. Taompson showed an Experiment on the Magneto- 


optic Phenomenon discovered by Righi. 
Mr. A, Camppetn read a paper “On the Magnetic Fluxes in 


Meters and other Electrical Instruments.” 
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November 11th, 1898. 


Surirorp Browet1, Esq., President, in the Chair. 


The discussion on Mr. Caxretr’s paper read at the last meeting 
was continued, 

Prof, W. B. Morroy communicated a paper “‘ On the Propagation 
of Damped Electrical Oscillations along Parallel Wires.” 


November 25th, 1898. 
Snetrorp Bipwett, Esq., President, in the Chair. 
The following were elected Fellows of the Society :— 
Messrs. J. B. Barus, R. W. Forsyra, and Witson Noste. 


Mr. R. A. Lenretpr read a paper ‘ On the Properties of Liquid 
Mixtures.” 


Mr. L. N. G. Fron read a paper ‘‘ On certain Diffraction Fringes 
as applied to Micrometric Observations.” 


December 9th, 1898. 
SHELForD BipweEct, Esq., President, in the Chair. 
The following were elected Fellows of the Society :— 
Prof. H. L. Cattenpar and Mr. R. 8, Waurpptre, 


Dr. C. Curee read a paper “ On Longitudinal Vibrations in Solid 
and Hollow Cylinders.” 


Mr. Ross-Inyrs and Prof. Sypnsy Youne read a paper “On the 
Thermal Properties of Normal Pentane.” 


January 27th, 1899. 
G. Grirritn, Esq., Vice-President, in the Chair. 
Dr. Barton read a paper “On the Equivalent Resistance and 


Inductance of a Wire to an Oscillatory Discharge.” 


Mr. Appreyarp exhibited a Dephlegmator and a Temperature 
Tell-tale. 


Mr. Lirrtrwoop read a paper ‘On the Volume-changes accom- 
panying Solution.” 
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Annual General Meeting. 


February 10th, 1899. 


SHEtrorp Broweut, Esq., President, in the Chair. 


The following Report of the Council was read by the Secretary: — 


Since the last Annual General Meeting of the Society thirteen 
meetings have been held. One of these, on February 26th, 1898, 
took place in the Science Schools at Eton, on the kind invitation 
of the Rey. T. C. Porter, who provided some interesting demon- 
strations and made the Fellows of the Society welcome. All the 
other meetings were held in the rooms of the Chemical Society at 
Burlington House. 

Twenty-one new Fellows have been elected into the Society ; and 
the Council regrets to report that death has deprived the Society of 
a member of Council, Mr. Latimer Clark, and of Sir J. N. Douglass, 
Dr. John Hopkinson, Dr. J. E. Myers, the Rev. Bartholomew 
Price, Mr. Henry Perigal, and Dr. Kugen Obach. Short memoirs 
of some of these will be published in the Society’s ‘ Proceedings.’ 
There have been three resignations. 

The Joint Committee of the Society and of the Institution of 
Electrical Engineers, which commenced its labours in January 
1898, has published the first volume of ‘Science Abstracts’ in 
twelve monthly parts, being a continuation and expansion of the 
‘Abstracts of Papers on Physical Science’ hitherto published by 
the Society alone. A much larger number of papers has been 
included, and the work has been very thoroughly done. Your 
Council is of opinion that it fulfils a want and is greatly appre- 
ciated. The expense has been considerable, and the estimate 
originally made has been somewhat exceeded. Your Council has, 
however, felt: that this expense has been justified by the results, 
and has entered into arrangements for continuing the work of the 
Joint Committee. 

It is confidently hoped that it will be possible to arrange for 
the permanent production of ‘Science Abstracts’ on a scale at 
least as extensive as the present. 


The Report of the Council was adopted. 


The Report of the Treasurer was read and adopted. 
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The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—Prof. Orrver J. Loves, D.Se., F.R.S. 


Vice-Presidents who have filled the Office of President.—Dr. J. H. 
Guapsrons, F.R.S.; Prof. G. C. Fosrmr, F.R.S.; Prof. W. G. ApDAms, 
M.A., F.R.S.; Lord Kutviy, D.CL., LL.D., F.B.S.; Prof. R. 
B. Crirton, M.A., F.R.S.; Prof. A. W. Rernotp, M.A., F.R.S. ; 
Prof. W. E. Ayrron, F.R.S.; Prof. G. F. Frrzesratp, M.A., 
F.R.S.; Prof. A. W. Rucker, M.A., F.R.S.; Capt. W. pz W. Abney, 
R.E., 0.B., D.C.L., F.R.S.; Suetrorp Browett, M.A., LL.B., F.R.S. 


Vice-Presidents—T, H. Braxestry, M.A.; C. Vernon Boys, 
F.R.S.; G. Grrrerru, M.A.; Prof. J. Perry, D.Sc., F.R.S. 


Secretaries.—W. Warson, B.Sc.; H. M. Etprr, M.A. 


Foreign Secretary.—Prof. 8. P. THomrson, D.Se., F.R.S. 


Treasurer.—Dr. E. ATKINSON. 
Librarian.—W. Watson, B.Sc. 


Other Members of Cowncil.—Prof. H. E. Arnmsrrone, D.8c., F.R.S.; 
Watrer Batty, M.A.; R. E. Crompron; Prof. J. D. Everert, 
D.C.L., F.R.S.; ProfA. Gray, LL.D., F.R.S.; E. H. Gruirriras, 
M.A., F.R.S.; Prof. J. Virtawu Jonwrs, M.A., F.R.S.; S. Lupron, 
M.A.; Prof. G. M. Mrncuty, M.A., F.R.S.; J. Warker, MA. 


Votes of thanks were passed to the Auditors, the Officers and 
Council, and to the Chemical Society. 


The newly-elected President (Prof. Lopar) then took the Chair 
and delivered an Address, which is printed on pp. 343-386 of the 


current number of the ‘ Proceedings.’ 
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The Meeting then resolved itself into an Ordinary Science Meet- 
ing, and the following were elected Fellows of the Society :— 


Messrs. Davin Wooxacot and J. Donanpson. 


Mr. B. Davis communicated a paper on “ An Ampere-meter and 
a Voltmeter with a long Scale.” 


Dr. Joun Hopkinson, F.R.S., was born on July 27, 1849, and 
received his early scientific training at Owens College, Manchester, 
and Trinity College, Cambridge. He was Senior Wrangler and 
first Smith’s Prizeman, as well as a Whitworth Scholar and a D.Sc. 
of London University. Shortly after leaving Cambridge he joined 
the firm of Messrs. Chance Brothers & Company, and while with 
them introduced many and important improvements in lighthouse 
illumination. He also conducted some important researches on 
the electrical properties of glass. In 1879 the first of the long 
series of papers in connection with electric lighting and engineering, 
which has rendered his name famous, was published. In 1886, in 
conjunction with his brother Edward Hopkinson, was published 
the paper on the general theory of the magnetic circuit, which had 
such a revolutionizing influence on the design of dynamo machinery. 

He was a Fellow of the Royal Society, and was twice President 
of the Institution of Electrical Engineers. He became a Fellow 
of the Physical Society in 1878. 

He was an expert climber, and on August 27, 1898, together 
with one of his sons and two daughters, he set out tv climb the 
Petite Dent de Veisivi. As they did not return at nightfall, 
search parties were sent out, and the four bodies were found at the 
base of a cliff, having fallen from a height of about 500 feet. 
By this sad accident the scientific world lost a leader whose place 
cannot easily be filled. 


Mr. Latter Crark, F.R.S., was born at Great Marlow in 1822, 
He was engaged in a chemical industry in Dublin, when the rapid 
development of railways tempted him to serve as a pupil with his 
brother, Mr. Edwin Clark, on the Chester and Holyhead Railway. 
He assisted in the famous experiments which preceded the con- 
struction of the Britannia tubular bridge. The bridge was of so 


novel a kind that it could not be trusted to a Contractor, so that 
b 
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from 1848 to 1850 Mr. Clark had an experience of experimenting, 
calculating, designing, and of directing workmen. His bent 
towards electrical experimenting caused him to be asked to join 
the staff of the Electric Telegraph Company, of which he was 
Engineer-in-chief from 1854 to 1861, and Consulting Engineer till 
1870, when the Government took charge of telegraphic work. It is 
claimed for him that he was the first to suggest and carry out (in 
1854) the pneumatic conveyance of parcels and letters. In 1854 
he gave a lecture at the Royal Institution on the results of his 
experiments on submarine and subterranean electric conductors. 
In 1861 his paper read before the British Association introduced 
the idea of the use of definite practical electrical units and standards, 
with such names as Ohm, Farad, and Volt. In 1873 he brought 
before the Royal Society the results of his elaborate, costly, and 
long investigation which led to the use of the Clark’s cell as our 
standard of Electromotive Force. He was a good practical astro- 
nomer ; a photographer; a great collector of books on Electricity 
and Magnetism ; a writer of a number of very useful handbooks ; 
an inventor of many things now in common use; an engineer who 
constructed floating docks and large hydraulic contrivances; a 
manufacturer of electrical machinery and apparatus; a layer of 
submarine cables. He was President of the Institution of Elec- 
trical Engineers in 1875, and became a Fellow of the Royal Society 
in 1889. Mr. Clark was elected a Fellow of the Physical Society 
during its first Session, and at the time of his death was on the 
Council. 


The Rev. Baxrnotomew Pricz, D.D., Master of Pembroke College, 
Oxford, died on December 29th, 1898, in the 81st year of his age. 

He was widely known by his exhaustive treatises on the Calculus, 
and was more noted perhaps for his business and financial ability ; 
he remained active and vigorous until he was eighty, and by his 
kindliness made for himself a large circle of friends. 

Beyond this, however, there is a side to his career which is of 
special interest to our Society: at a very early date his sagacity 
was recognized at Oxford: his clear and temperate views gained 
for him such influence that on important occasions the leaders of 
all parties would seek his counsel, and what was to him right and 
politic did not generally meet with opposition. This power was 
exercised in the cause of liberal education. In all that has been 
done for the study of Natural Science at. Oxford during the last 
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forty years no one has taken a greater part than the late Professor 
Price. Much still remains to be done, but the importance of his 
work may be seen, when it is realized at what point it was neces- 
sary to begin. The regulation, that some knowledge of Arithmetic 
must be shown by all students entering the University of Oxford, 
was. proposed and carried through by our late Fellow. He was 
always working for progress, but was never ruffled by the oppo- 
sition of the medizval spirit : without his tact and good temper the 
progress of learning, as we understand it, might have been delayed 
for many years in Oxford. 

It may be of interest to note that he was the President of 
Section A, at the famous meeting of the British Association at 
Oxford in 1860, when Bishop Wilberforce, in the one incautious 
moment of his life, attacked Professor Huxley. 


Mr. Henry Perieat was elected a member of the Physical 
Society during the first Session of the Society. He died at the 
advanced age of ninety-seven years, and till within a short period 
of his death was a constant attendant at the meetings of the Society. 
He was Treasurer of the Royal Meteorological Society and a Fellow 
of the Royal Astronomical Society, and a member of several other 
scientific bodies. 


Dr. Evern F. A. Oxsacu, F.LC., F.C.S., was elected a Fellow of 
the Society in May 1880. He was a Doctor of Philosophy of 
Heidelberg. He was in the employ of Messrs. Siemens Bros. & Co., 
of Woolwich, and devoted himself to the study of guttapercha and 
indiarubber. He delivered the Cantor Lectures on these substances 
at the Society of Arts in 1898. He died at the early age of 


forty-six. 


Sir James Nicwortas Doverass, F.R.S, became a Fellow of the 
Society in 1889. He was many years Engineer-in-chief to the 
Hon, Corporation of Trinity House, and built several lighthouses. 
He also made several improvements in the illuminating apparatus 
for lighthouses and lightships. 
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